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Introduction

Thisa
setofexercisesforthe

m
athem

aticslectures.
Since

the
m
athem

aticsexercisesare
during

the
firstday,the

m
ain

partofthe
exercisesshould

be
related

to
m
aterialcovered

early
on,ideally

the
firstday.O

n
the

otherhand,the
m
athem

aticslectures
are

notreally
intended

to
teach

m
athem

atics.
Therefore,som

e
students

w
illfind

the
exercises

too
sim

ple,and
som

e
m
ay

find
them

too
hard,depending

on
theirbackground.

To
rem

edy
the

factthat
som

efind
m
ay

find
them

too
easy,Ihaveadded

acoupleof“nuggets”,thingsIfind
interesting

thatare
notso

com
m
only

know
n
in
thequantum

chem
istry

com
m
unity

–
atleastto

m
y
know

ledge.H
opefully,

every
studentw

illfind
a
challenge

ortw
o,and

also
have

som
e
fun.

Sim
en

K
vaal,2024

3

Exercise
set

1:
Introduction

1
Sets

etc.

a)
REC

O
M
M
EN

D
ED

W
rite

the
daysofthe

w
eek

asa
set

b)
REC

O
M
M
EN

D
ED

W
rite

the
five

firstnaturalnum
bersusing

setnotation
asindicated

in
the

lec-
ture

notes

c)
A
n
ordered

pair
(x,y)isa

tw
o-elem

ent“set”
w
here

the
orderm

atters.Tw
o
ordered

pairs
(x,y)

and
(u,v)are

equalifand
only

if
x
=

u
and

y
=

v.From
thisitfollow

sthat(x,y)
=

(y,x)ifand
only

if
x
=

y.A
definition

ofan
ordered

pairasa
setis

(x,y)
=
{{x},{x,y}}.

(1.1)

Show
that(x,y)

=
(y,x)ifand

only
if

x
=

y
using

the
settheoretic

definition.

d)
A

nonnegative
rationalnum

ber
p/q,p,q

∈
N
,q
>

0,can
be

w
ritten

as
an

ordered
pair(p,q).

W
rite

dow
n
the

rationalnum
bers1/4,2/3,0,1/3

asordered
pairsusing

settheory,both
forthe

pairand
foreach

integer.(Strictly
speaking

w
e
the

num
beritselfisan

equivalenceclassofsuch
pairs,i.e.,pn/qn

=
p/q,so

w
e
m
ustidentify

(p,q)and
(np,nq).Ignore

equivalence
classesin

thisexercise.)

e)
The

cartesian
productoftw

o
sets

A
and

B
is

A
×

B
=
{(a,b)|a

∈
A
,

b
∈

B}.
(1.2)

W
ritedow

n
thecartesian

productof{♥
,♦
,♠
,♣}and{1,2,3},using

thesettheoreticdefinition
for

the
ordered

pair.You
can

skip
spelling

outthe
settheoretic

definition
ofthe

naturalnum
bers.

f)
Sim

ilarto
the

previousexercise,w
rite

dow
n{1,2,3}×

{2,3,4}.

g)
A

function
f

:
A
→

B
from

one
setA

to
anotherset

B
is
a
rule

thatassigns
to

every
a
∈

A
precisely

one
b
∈

B.In
term

sofsettheory,a
function

f
:A
→

B
isa

subsetofA
×

B,such
that

•
Foralla

∈
A
there

exists
b
∈

B
such

that(a,b)∈
f.

•
Foralla

∈
A
and

b,b ′∈
B,if(a,b)∈

f
and

(a,b ′)∈
f,then

b
=

b ′.

W
rite

dow
n
the

function
f

:{1,2,3}→
{1,2,3},

f(1)
=

2,
f(2)
=

3,
f(3)
=

1,using
the

set
theoretic

definition
ofordered

pairsand
the

cartesian
product.

D
e
M
organ’slaw

sare
usefulw

hen
discussing

subsets
A
,B

ofa
largersetX.R

ecallthatthe
com

-
plem

entofA
relative

to
X
is

A
!
=

X
\

A.D
e
M
organ’slaw

sstate
that:

•
(A
∪

B) !
=

A
!∩

B
!.

4



•
(A
∩

B) !
=

A
!∪

B
!.

h)
REC

O
M
M
EN

D
ED

D
raw

a
picture,representing

X
as

the
w
hole

sheet,A
and

B
as

overlapping
shapes,e.g.,circles.

Label
A,

B,
A
∩

B,and
A
∪

B,m
aking

another
draw

ing
if
necessary.

C
onvince

yourselfthatD
e
M
organ’slaw

sare
correct.

i)
ProveD

eM
organ’slaw

sm
athem

atically.N
otethatthecom

plem
entoperation

actslikenegation
oftruth,i.e.,a

∈
A
!
ifand

only
ifa
∈

X
and

a
!

A.

2
C
ardinality

ofnum
bers

R
ecallthatthecardinality|S|ofa

setS
isthe

num
berofelem

entsin
S
.Forfinite

sets,thisisintuitive,
butw

hataboutinfinite
sets?

O
ne

says
thatA

and
B
have

the
sam

e
cardinality

ifthere
exists

a
bijection

f
:

A
→

B,i.e.,
f
is

one-to-one
and

onto.
(Intuitively,you

can
draw

lines
betw

een
individualelem

ents
of

A
and

B,only
one

line
to/from

each
elem

ent.
Precisely:

O
nto

m
eans,to

every
b
∈

B
there

exists
a

a
∈

A
such

that
f(a)
=

A.O
ne-to-one:

f(a)
=

f(a ′)im
plies

a
=

a ′.)
O
ne

can
think

ofthe
bijection

aslabelling
each

b
∈

B
by

exactly
one

elem
enta

∈
A,and

thatalllabelsfrom
A
are

used
up.

Let
N

n
=
{1,2,···

,n}.Thissethascardinality
n.

The
set
N
hasan

infinite
num

berofelem
ents.B

y
definition,|N|=

ℵ
0 (“aleph-nought”).

a)
REC

O
M
M
EN

D
ED

Show
that|Z|=

ℵ
0 by

explicitly
constructing

a
bijection

f
:
N
→
Z.

b)
Show

that|N
×
N|
=
ℵ

0 .H
int:D

raw
a
picture

of
N
×
N
,and

try
to

draw
a
line

through
allthe

pointsin
thisset.H

ow
doesthisshow

the
existence

ofa
bijection

betw
een
N
and
N
×
N
?

c)
Show

that|Q|=
ℵ

0 .

d)
Show

thatthe
intervalI

=
(−

1,1)hasthe
sam

e
cardinality

as
R
.You

m
ustconstructa

function
f

:(−
1,1)→

R
thatisa

bijection.

e)
In

this
exercise,w

e
show

that|R|
>
ℵ

0 .
The

cardinality
w
ould

beℵ
0
ifw

e
could

w
rite

a
list

ofthe
realnum

bers.
Itsuffices

to
find

a
listofthe

num
bers

in
I
=

[0,1[,i.e.,infinite
decim

al
expansions

0.d
1 d

2 d
3 ···,w

ith
d

i ∈
{0,1,2,3,4,5,6,7,8,9}.

W
e
w
illlook

fora
contradiction.C

onsidera
listx

1 ,x
2 ,x

3 ,...ofallrealnum
bersin

[0,1[.This
isessentially

an
infinite

m
atrix

ofdigits.C
an

you
find

a
realnum

ber
x∈

[0,1]w
hich

isnotin
thislist,i.e.,x

"
x

j forall
j?

H
int:considerthe

diagonalofthe
m
atrix.

The
cardinality

of
R
,“the

continuum
”,isw

ritten
2 ℵ

0.

f)
Show

that|[0,1[×
[0,1[|=

|[0,1[|,by
constructing

a
one-to-one

m
ap.H

int:U
se

decim
alexpan-

sions.C
onclude

thatalso|R
2|=
|C|=

|R|.

3
C
om

plex
num

bers

a)
REC

O
M
M
EN

D
ED

Letz
=

x
+

iy∈
C
,and

com
pute

the
realand

im
aginary

partsofz 2,z 3,and
z 4,

asfunctionsof
x
and

y.

b)
C
om

pute
a
closed-form

expression
forthe

realand
im

aginary
partsofz n.

c)
C
om

pute
closed-form

expression
forz −

1,exhibiting
the

realand
im

aginary
partsasfunctionsof

x
and

y.(A
ssum

ing
z
"

0).Try
to

com
pute

closed-form
expressionsofz −

2and
z nasw

ell.

5

d)
REC

O
M
M
EN

D
ED

A
com

plex
num

bers
z
=

x
+

iy
can

be
w
ritten

on
polarform

,

x
=

rcos(θ),
y
=

rsin(θ).
(1.3)

W
rite

dow
n
the

rule
for z n

=
R

cos
φ
+

iR
sin

φ
using

angle
θ
and

m
odulus

r .

e)
C
onsiderthe

polynom
ialequation

f(z)
=

z 3
+

1
=

0.
Find

allthe
roots

in
the

com
plex

plane
using

polarcoordinates.Sketch
the

rootsin
a
coordinate

system
.

4
Visualizing

com
plex

sets

V
isualize

the
follow

ing
subsetsof

C
.D

ecide
w
hich

setsare
open

and
w
hich

are
closed,orneiter.

a)
REC

O
M
M
EN

D
ED
{z||z−

1|=
1}

b)
{z||iz−

1|<
1}

c)
{z||z−

i|+
|z
+

i|<
4}

d)
{z 2||z−

i|=
1}

e)
{z|R

e(e
iπ
/2z)
>

0}

f)
{z|Im

(z 2)
>

0}

5
D
ualnum

bers

FO
R
TH

E
C
U
RIO

U
S
W
e
now

considerthe
num

bersystem
called

the
dualnum

bers,often
w
ritten

R
(ε).

The
dualnum

bersare
the

algebraicalextension
of
R
togetherw

ith
a
nonzero

ε
such

that
ε

2
=

0.That
is,

R
(ε)
=
{x
+
εy|x,y∈

R}.
(1.4)

Thus,the
dualnum

bersare
sim

ilarto
the

com
plex

num
bersin

theirconstruction.Indeed,som
etim

es
one

w
rites

C
=
R

(i).
The

dualnum
bers

have
applications

in
autom

atic
differentiation

ofnum
erical

codes.

g)
C
om

pute
the

m
ultiplication

law
in

term
s
ofrealand

“dual”
parts,i.e.,z1 z2

=
z
=

x
+
εy,and

find
x
and

y.C
om

pute
the

addition
law

forz1
+

z2 .

h)
Show

that
R

(ε)isnota
field.

i)
C
om

pute
the

law
forallpositive

and
negative

pow
ersofz

=
x
+
εy.

j)
C
onsiderthe

specialcases
z
=

x
+
ε,and

evaluate
the

positive
and

negative
pow

ers.W
hatare

the
“dual”

partscom
pared

to
the

realpart?

k)
Let

p(x)be
a
polynom

ialoverthe
reals,and

extend
them

to
polynom

ials
overthe

duals,i.e.,
consider

x∈
R

(ε).Show
that

p(x
+
ε)
=

p(x)
+
εp ′(x).

l)
Letq(x)be

a
polynom

ialin
negative

pow
ersof

x.Show
thatq(x

+
ε)
=

q(x)
+
εq ′(x).

m
)
Letp(x)and

q(x)be
polynom

ials,and
considerthe

rationalfunction
f(x)
=

p(x)/q(x).Extend
the

rationalfunction
to
R

(ε),and
prove

that
f(x
+
ε)
=

f(x)
+
ε

f ′(x)also
in

thiscase.
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Exercise
set2:Som

e
conceptualdiscussions

1
G
eneralvector

spaces

REC
O
M
M
EN

D
ED

You
m
ay

be
very

fam
iliarw

ith
Euclidean

space
R

nasa
vectorspace,and

quite
used

to
the

notion
thatw

e
have

an
innerproductand

a
corresponding

distance
m
easure

on
this

space.
H
ow

ever,linear
spaces

are
m
uch

m
ore

general.
A

generalvector
space

does
nothave

an
inner

productor
a
norm

,
justa

“linearstructure”:C
onsiderforexam

ple
a
generalvectorspace

over
R
:A

n
abstractsetV

w
ith

operationssuch
thatone

can
add

vectors,

z
=

x
+

y∈
V
,

and
m
ultiply

vectorsby
constants

c∈
R
,

z
=

cx∈
V

w
here

c∈
R
.The

fullsetofaxiom
sisasfollow

s:

D
efinition

:Vector
space

A
vectorspace

overthe
field

F
isa

setV
togetherw

ith
a
binary

vectoraddition
+

:V
×

V
→

V
and

scalar
m
ultiplication

·
:
F
×

V
→

V
such

that,for
all

x,y,z
∈

V
and

all
α
,β
∈
F,the

follow
ing

axiom
sare

true:

a)
There

existsa
0
∈

V
such

that0
+

x
=

x
forallx∈

V
identity

elem
entforaddition

b)
x
+

(y
+

z)
=

(x
+

y)
+

z
associativity

foraddition

c)
x
+

y
=

y
+

x
com

m
utativity

foraddition

d)
There

exists
x ′such

thatx
+

x ′
=

0
inverse

elem
entforaddition

e)
(α
β)·x

=
α
·(β·x)

com
patibility

ofscalarand
field

m
ultiplications

f)
1·x
=

x
identity

forscalarm
ultiplication

g)
(α
+
β)·x

=
α
·x
+
β·x

distributivity
ofscalarm

ultiplication

h)
α
·(x
+

y)
=
α
·x
+
α
·y

distributivity
ofscalarm

ultiplication

7

Exam
ple

:Som
erset

A
pple

C
ake

Ingredients:

•
170

g
butter

•
170

g
lightbrow

n
sugar

•
3
eggs

•
1
tablespoon

liquid
honey

•
1.5

teaspoonscinnam
on

•
0.5

teaspoon
cloves

•
0.5

teaspoon
nutm

eg
•
1
teaspoon

baking
pow

der
•
240

g
w
heatflour

•
700

g
apples,diced

•
100

m
lapple

cider,apple
juice,orm

ilk
•
100

g
lightsultana

raisins(optional)

Instructions:

•
C
ream

the
room

-tem
perature

butterw
ith

the
sugaruntillightand

fluffy.
•
B
eatin

the
eggsand

honey.
•
Sifttheflour,baking

pow
der,and

spices.A
dd

them
to
them

ixtureand
stiruntilthebatter

issm
ooth

and
lum

p-free.
•
Stirin

the
m
ilk

orapple
cider(and

the
raisins,ifyou

choose
to

use
them

;they
can

be
soaked

in
ciderfora

couple
ofhoursbeforehand,ifdesired).

•
Finally,fold

the
apple

piecesinto
the

batter.
•
Pourthebatterinto

agreased
round

tin
w
ith

parchm
entpaperatthebottom

,oruseadeep,
round

ovenproofdish
(24

cm
in

diam
eter).

•
B
ake

the
cake

in
the

m
iddle

ofthe
oven

at160°C
for1.5

hours(check
w
ith

a
cake

tester
to

ensure
it’sfully

baked).
•
Serve

w
arm

orcold
w
ith

a
dollop

ofw
hipped

cream
,clotted

cream
,vanilla

ice
cream

,or
w
hateveryou

like.

a)
C
onsiderview

ing
the

setL
ofcake

recipe
ingredientlists

as
a
vectorspace.Thus,the

com
po-

nentsofL
arevariousingredientsand

theiram
ounts.W

hatisthedim
ension

ofthisspace?
W
hat

are
the

challengesencountered?

b)
H
ow

w
ould

you
handle

recipe
listsw

ith
differentunits,such

aspintsand
liters?

c)
C
onsiderthe

vectorspace
L
asa

vectorspace
offunctionson

the
form

f
:S
→
R
,w

here
S
is

a
set.W

hich
setw

ould
S
be?

d)
D
efine

addition
oftw

o
recipe

ingredientlists.D
oesthe

sum
define

a
new

cake
recipe?

W
hatis

m
issing?

e)
C
onsiderthe

scaling
ofa

recipe
listto

produce
a
new

ingredientlist.W
hatare

the
units

ofthe
scaling

factor?

f)
A
llelem

ents
in

the
the

constructed
vectorspace

are
notvalid

recipe
lists.

W
hich

recipe
lists

m
ustbe

discarded?

g)
C
an

you
think

of
a
w
ay

to
m
ake

the
setR

of
recipes

(w
ith

instructions)
into

a
vector

space?
W
hich

challengesare
encountered?
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2
M
etric

spaces

REC
O
M
M
EN

D
ED

A
m
etric

encodes
the

intuition
behind

m
easuring

distances
in

a
set

M
.
Itis

a
distance

function
d(x,y),w

here
x,y∈

M
.

The
definition

ofa
m
etric

space
isasfollow

s:

D
efinition

:M
etric

LetM
be

a
set.A

function
f

:S
×

S
→
R
isa

m
etric

ifitsatisfiesthe
follow

ing
axiom

s:

a)
d(x,y)

=
d(y,x)

sym
m
etry

b)
d(x,y)≥

0,and
d(x,y)

=
0
ifand

only
if

x
=

y
positivity

and
nondegeneracy

c)
d(x,y)≤

d(x,z)
+

d(z,y)
triangle

inequality

The
pair(M

,d)is
a
m
etric

space.If
M

is
a
vectorspace,w

e
say

that(M
,d)is

a
m
etric

vector
space.

a)
C
onsidertw

o
persons

X
and

Y
located

atx
and

y
in

a
setM

.They
both

m
easure

the
distance

to
the

otherperson.W
hatw

ould
happen

ifaxiom
a)isviolated?

Isthisreasonable?

b)
W
hatw

ould
happen

ifaxiom
b)isviolated?

Isthisreasonable?

c)
A
third

person
Z
located

atzentersthe
picture.C

onsideraxiom
c).W

hathappensifthisaxiom
isviolated?

Isthisreasonable?

d)
LetM

=
R

2,and
letd

be
Euclidean

distance,“as
the

crow
flies”.

B
utthere

are
otherdistance

m
easuresasw

ell.C
onsiderforexm

aple
the

“M
anhattan

distance”,given
by

d(x,y)
=
|x

1 −
y

1 |+
|x

2 −
y

2 |.

This
has

a
standard

interpretation
in

term
s
of

cities
w
ith

straightstreets
and

taxis
driving

on
these

streets.D
iscuss.

e)
C
onsiderthe

sam
e
city,the

sam
e
streets,the

sam
e
taxis,butconsiderthe

factthatthe
driveris

lazy,and
w
antsto

drive
aslong

asthey
can

before
turning

the
car.Find

the
m
etric

and
discuss.

Try
to

verify
the

axiom
s.

9

Exercise
set

3:
Linear

algebra

Thesourceforsom
eoftheseexercises(indicated)ishttp://linear.ups.edu/version3/pdf/fcla-draft-solutions.

pdf.

1
Basic

vectors

a)
W
e
w
ork

in
the

space
V
=
R

2,plane
vectors.W

e
define

tw
o
vectors,

b
1
=

[1,2] T,
b

2
=

[−
1,1] T.

(3.1)

The
notation

... T
m
eansthatw

e
take

the
transpose,such

thatw
e
have

colum
n
vectors.Show

by
elem

entary
m
eans

thatthese
tw
o
vectors

are
linearly

independent.
W
hy

do
the

vectors
form

a
basisforV

?
M
ake

a
2D

draw
ing

orplotofthe
tw
o
individualvectorsasarrow

sfrom
the

origin.

b)
REC

O
M
M
EN

D
ED

Letv
=

[2,2] T.U
sing

gaussian
elim

ination,com
pute

the
coefficients

x
1 and

x
2 such

that
v
=

x
1 b

1
+

x
2 b

2 .

Illustrate
thisdecom

position
in

the
graph

from
the

previouspoint,using
the

parallelogram
rule:

The
sum

oftw
o
vectorsisobained

by
placing

the
origin

ofone
atthe

end
ofthe

second,orvice
versa.

c)
REC

O
M
M
EN

D
ED

A
person

w
alks

from
hom

e.
First,they

w
alk

to
the

subw
ay

station.
This

is
1
km

north
and

500
m

eastas
the

crow
flies.

The
subw

ay
takes

the
person

to
the

city
centre,

w
hich

3
km

eastand
2
km

south
ofthe

subw
ay

station,asthe
crow

flies.The
person

then
w
alks

200
m

south
and

400
m

w
estto

theiroffice.
W
hatare

the
coordinatesofthe

office,relative
to

the
person’shom

e?
W
hatisthe

distance
to

hom
e,asthe

crow
flies?

d)
A
boatissailing

on
the

ocean,ata
constantspeed

20
km

/h
relative

to
the

w
atersurface,in

the
northeastdirection.H

ow
ever,the

w
atersurface

ism
oving

too,ata
constantvelocity.A

ftertw
o

hours,the
boatis

located
20

km
north

and
10

km
eastofthe

starting
point.

W
hatis

the
speed

and
direction

ofocean
drift?

e)
(R
obertB

eezer)A
three-digitnum

berhastw
o
properties.The

tens-digitand
the

ones-digitadd
up

to
5.

Ifthe
num

beris
w
ritten

w
ith

the
digits

in
the

reverse
order,and

then
subtracted

from
the

originalnum
ber,the

resultis
792.

U
se

a
system

ofequations
to

find
allofthe

three-digit
num

bersw
ith

these
properties.

2
M
ore

vectors
and

m
atrices

These
exercisesare

to
getpractice

w
ith

com
puting

m
atrix-m

atrix
products,and

to
getan

intuitive
feel

forthem
.
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a)
REC

O
M
M
EN

D
ED

LetA
=

[1
3

0
−

2 ]
,

B
=

[7
−

1
0

8
1
−

1 ]
,

C
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣ 0
−

1
5

7
0

7

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
(3.2)

W
hich

m
atrix

productsbetw
een

pairsofthese
m
atricesare

defined?
C
om

pute
the

products.

b)
REC

O
M
M
EN

D
ED

Let
A
be

the
n
×

n
m
atrix

defined
by

A
i,i+

1
=

i 2
for

1
≤

i
<

n,and
zero

otherw
ise.C

om
pute

the
action

ofA
and

A
T
on

the
standard

basisfor
R

n.C
om

pute
the

action
of

A
and

A
T
on

an
arbitrary

vectorx
∈
R

n.

c)
Let

A
∈

M
(n,m
,F),

B
∈

M
(n,o,F).

W
rite

B
in

term
s
of

colum
n
vectors,

B
=

[b
1 ,···

,b
o ].

Prove
that

A
B
=

[Ab
1 ,···

,Ab
o ],

(3.3)
i.e.,A

acts
on

each
individualcolum

n
of

B.
Sim

ilarly,show
that,ifw

e
w
rite

A
in

term
s
ofits

row
vectors,

A
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣ a
T1

a
T2
···
a

Tn ⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

(3.4)

then

A
B
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣ a
T1 B

a
T2 B
···

a
Tn B ⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

(3.5)

d)
Show

thatthe
colum

nsofC
=

A
B
isa

linearcom
bination

ofthe
colum

nsofA
w
ith

coefficients
determ

ined
by

B,
c

i
=

∑

j

a
j B

ji
(3.6)

Show
a
sim

ilarresultforthe
row

sofC
.

3
The

com
plex

num
bers

as
a
realvector

space

FO
R
TH

E
C
U
RIO

U
S

The
geom

etricalinterpretation
ofthe

C
as

the
plane

R
2
indicates

that
C
can

be
view

ed
as

a
tw
o-

dim
ensionalrealvectorspace.

Indeed,addition
and

m
ultiplication

w
ith

realscalars
are

com
patible

w
ith

the
axiom

sforEuclidean
space

R
2.

a)
Show

that
C

regarded
can

be
regarded

as
the

Euclidean
plane:

C
heck

axiom
s
for

Euclidean
space

and
check

thatvector
addition

and
m
ultiplication

w
ith

realscalars
are

the
sam

e
in

the
tw
o
spaces.C

heck
also

thatthe
Euclidean

norm
isthe

m
odulusofthe

com
plex

num
ber.W

hat
are

the
com

plex
num

bers
thatcorrespond

to
the

standard
basis

in
R

2?
C
onclude

that
C
can

be
regarded

asa
realEuclidean

vectorspace
ofdim

ension
2.

b)
Show

thatm
ultiplication

w
ith

a
com

plex
num

berzisa
linearoperatoron

R
2,and

find
itsm

atrix
in

the
standard

basis.W
hatisthe

m
atrix

ofm
ultiplication

w
ith

i?

c)
Show

thatm
ultiplication

w
ith

a
com

plex
num

berofm
odulus1

isa
rotation

in
R

2.

d)
Show

thatthe
m
ap

z/→
z̄isa

lineartransform
ation

in
R

2.W
hatkind

oflineartransform
ation

is
this?

Isita
lineartransform

ation
in
C
?

11

4
Elem

entary
row

operations
and

G
aussian

elim
ination

a)
C
om

pute
the

overlap
m
atrix

S
ofthe

basis
in

Eq.(3.1).
U
se

gaussian
elim

ination
to

com
pute

the
inverse

ofthe
m
atrix

S
.

b)
W
rite

dow
n
the

dualbasisofB
=
{b

1 ,b
2 }.

c)
REC

O
M
M
EN

D
ED

(R
obertB

eezer)C
onsiderthe

follow
ing

system
ofequations:

2x
1 −

3x
2
+

x
3
+

7x
4
=

14
(3.7)

2x
1
+

8x
2 −

4x
3
+

5x
4
=
−

1
(3.8)

x
1
+

3x
2 −

3x
3
=

4
(3.9)

−
5x

1
+

2x
2
+

3x
3
+

4x
4
=
−

19
(3.10)

U
se

gaussian
elim

ination
to

find
allpossible

solutions.W
rite

dow
n
the

setofallsolution
using

setnotation.

d)
(R
obertB

eezer)Find
allpossible

solutionsofthe
linearsystem

3x
1
+

4x
2 −

x
3
+

2x
4
=

6
(3.11)

x
1 −

2x
2
+

3x
3
+

x
4
=

2
(3.12)

10x
2 −

10x
3 −

x
4
=

1
(3.13)

W
rite

dow
n
the

solution
setusing

setnotation.

e)
(R
obertB

eezer)Find
allpossible

solutionsofthe
linearsystem

2x
1
+

4x
2
+

5x
3
+

7x
4
=
−

26
(3.14)

x
1
+

2x
2
+

x
3 −

x
4
=
−

4
(3.15)

−
2x

1 −
4x

2
+

x
3
+

11x
4
=
−

10
(3.16)

W
rite

dow
n
the

solution
setusing

setnotation.

f)
Letb

i ,i
=

1,2,···
,n

be
a
basisfor

R
n.Let

B
=

[b
1 ,b

2 ,···
,b

n ]

be
the

basism
atrix,w

hose
colum

nsare
precisely

the
b

i .Explain
thatify

=
x

1 b
1
+
···
+

x
n b

n ,
then

Bx
=

y.
Solve

forx
using

B
in

sym
bols.

g)
Letn

linearly
independentvectors

B
=
{b

1 ,···
,b

n }of
F

nbe
given.

W
rite

dow
n
a
form

ula
for

the
dualbasisin

term
softhe

overlap
m
atrix.

5
Bra-ket

notation

a)
Leta

basis
B
=
{b

1 ,b
2 ,···

,b
n }be

a
basisfora

finite-dim
ensionalH

ilbertspace,and
let{|i⟩}be

a
the

standard
basisfor

C
n.C

onsiderthe
operatordefined

by

B̂
=

n
∑i=

1 |b
i ⟩⟨i|,

(3.17)

W
hatis

the
dom

ain
of

B̂,and
the

range
of

B̂?
In

otherw
ords,w

hich
spaces

does
B̂
m
ap

from
and

to?

12



b)
Let|x⟩∈

C
n,and

consider
|ψ⟩
=

B̂|x⟩
.

C
an

you
interpretthisexpression

in
term

sofbasesand
expansion

coefficients?

c)
Show

that
Ŝ
=

∑

ij

|i⟩⟨b
i |b

j ⟩⟨j|.
(3.18)

Thisistheoverlap
m
atrix

expressed
asan

operator.Find
an

expression
forthebasiscoefficients

x
i in

term
softhe

basisalone.

6
Eigenvalue

decom
position

FO
R
TH

E
C
U
RIO

U
S

O
fgreatim

portance
to

quantum
chem

istry
is
the

tim
e-independentSchrödingerequation:G

iven
the

H
am

iltonian
operator

Ĥ
,w

hich
is
usually

H
erm

itian,find
a
nonzero

|ψ⟩,called
an

eigenvector,
and

a
realnum

berE
,called

an
eigenvalue,such

that

Ĥ
|ψ⟩
=

E
|ψ⟩
.

(3.19)

C
hoosing

a
particularorthonorm

albasis{|φ
i ⟩}forH

ilbertspace,a
m
atrix

eigenvalue
problem

arises,

Au
=

Eu
,

u
i
=
⟨φ

i |ψ⟩
,

A
ij
=
⟨φ

i |Ĥ|φ
j ⟩
.

(3.20)

W
e
prove

the
spectraltheorem

fornorm
aloperators

overfinite
dim

ensionalH
ilbertspaces.

The
spectraltheorem

states
thatone

can
actually

find
a
basis

ofeigenvectors
fornorm

aloperators.
The

norm
aloperatorsinclude

the
H
erm

itian
operators.

In
thissection,w

eletM
(n)
=

M
(n,n,C

)
=
C

n×
nbethesetofcom

plex
squarem

atricesofdim
ension

n.
Tw

o
m
atricesA

and
B
aresaid

to
besim

ilarifthereisan
invertiblem

atrix
U
such

thatA
=

U
BU

−
1.

IfU
isunitary,then

A
and

B
are

unitarily
sim

ilar.(U
isunitary

ifand
only

ifU
H
=

U
−

1.)

a)
W
hatdoesitm

ean
thatA

∈
M

(n)isnorm
al?

b)
Prove

thata
diagonalm

atrix
D
∈

M
(n)isnorm

al.(A
m
atrix

A
isdiagonalifand

only
ifA

ij
=

0
w
heneveri"

j.)

c)
Prove

thatU
isunitary

ifand
only

ifitscolum
nsare

orthonorm
al.

d)
Prove

thatifA
isa

norm
alm

atrix,ifB
isunitarily

equivalentto
A,then

B
isnorm

al.

e)
Prove

thatifA
isunitarily

equivalentto
a
diagonalm

atrix,then
A
isnorm

al.

The
nextpartrequiresSchur’sLem

m
a:

Lem
m
a
1:Schur's

Lem
m
a

LetA
∈

M
(n).Then

A
isunitarily

equivalentto
an

uppertriangularm
atrix.(R

isuppertriangular
ifR

ij
=

0
w
heneveri

>
j.)

The
proofofShur’sLem

m
a
can

be
found

in,e.g.,Fraleigh
and

B
eauregard.

f)
Prove

thatevery
norm

alm
atrix

A
isunitarily

equivalentto
a
norm

alupper-triangularm
atrix

B.
(U

se
Schur’sLem

m
a
and

exercise
d).)
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g)
Prove

thata
norm

aluppertriangularm
atrix

B
m
ustbe

diagonal.
H
int:

LetC
=

B
HB
=

B
B

H,
and

com
pute

C
11 to

show
thatB

1
j
=

0
if

j
>

1.C
ontinue

to
C

22 ,and
allthe

w
ay

up
to

C
nn .

W
e
have

now
proved:

Theorem
1:Spectraltheorem

for
norm

alm
atrices

Suppose
A
∈

M
(n)isnorm

al,i.e.,A
A

H
=

A
HA.Then

there
isa

unitary
m
atrix

U
∈

M
(b)and

a
diagnalm

atrix
D
∈

M
(n)such

that

A
=

U
D

U
H
.

spectraldecom
position

(3.21)

h)
Letu

i
=

U
:.i be

the
ith

colum
n
forU

.Explain
w
hy

these
vectorsform

a
basisfor

C
n.

i)
Show

that

A
=

n
∑i=

1

d
i u

i u
Hi
,

d
i
=

D
ii .

spectraldecom
position

(3.22)

W
rite

thisform
ula

also
using

bra-ketnotation.

j)
W
hatdoes

A
do

w
ith

the
vectoru

k forsom
e

k?
W
hatdoes

A
do

to
a
linearcom

bination
ofthe

basisvectors?

A
specialkind

ofnorm
alm

atrix
isthe

H
erm

itian
m
atrix:

A
H
=

H
.

(3.23)

k)
Show

thata
H
erm

itian
m
atrix

isunitarily
equivalentto

a
diagonalm

atrix
w
ith

realnum
berson

the
diagonal,i.e.,A

=
U

D
U

H
w
ith

D
ii ∈
R
.

7
D
iagonalization

ofa
m
atrix

A
m
atrix

A
hasan

eigenvalue
E
ifand

only
ifthere

isa
nonzero

solution
to

the
linearsystem

(A
−

E
I)x
=

0.

Thus,the
m
atrix

A
−

E
Im

ustbe
singular,i.e.,notinvertible.The

eigenvectorx
isthen

a
vectorin

the
nullspace

ofthism
atrix.

A
sufficientand

necessary
criterion

forinvertibility
ofam

atrix
B
isthatthedeterm

inantisnonzero.
The

definition
ofthe

determ
inantcan

be
stated

asfollow
s:

D
efinition

1:D
eterm

inant

LetA
∈

M
(n).The

determ
inant,w

ritten
det(A)∈

C
isdefined

by

det(A)
=

∑p∈S
n (−

1) |p|A
1,p(1) A

2,p(2) ···A
n,p(n) .

(3.24)

H
ere,S

N
isthe

setofperm
utationsofthe

num
bers{1,2,···

,n}.A
perm

utation
isby

definition
any

bijective
m
ap.

Each
perm

utation
p
∈

S
n isa

rearrangem
entisthuscom

pletely
specified

by
the

new
orderofthe

num
bers{1,2,···

,n},i.e.,(p(1),p(2),···
,p(n)).

For
exam

ple,(1,2,3,4,5,6)
∈

S
6
is

the
identity

14



perm
utation

thatleaves
any

num
ber

alone.
The

perm
utation

(3,2,1,4,6,5)
m
akes

1
and

3
sw

itch
place,and

5
and

6.
A
ny

perm
utation

can
be

w
ritten

as
a
product(com

position)oftranspositions,i.e.,sw
itching

of
exactly

tw
o
elem

ents.
Thus,(3,1,2)

=
(1,2)(2,3).

H
ere,the

tw
o-elem

entnotation
indicates

w
hich

elem
entsare

sw
ithced.Itisa

factthatallperm
utationscan

be
decom

posed
in

either
an

even
num

ber
ofperm

utations,oran
odd

num
berofperm

utations,denoted|p|.Thesign
ofaperm

utation
p
is(−

1) |p|,
and

isunique
fora

perm
utation.

There
are

n!unique
perm

utationsofan
n-elem

entset.

a)
W
rite

outthe
setofperm

utations
S

1 ,S
2 and

S
3 .

b)
C
om

pute
the

sign
ofthe

perm
utationsofthe

previousexercise.

c)
C
om

pute
explicitexpressionsforthe

determ
inantsofm

atricesofdim
ension

1,2,and
3.

d)
(Extra.)

In
Python,the

m
odule

itertools
contains

an
iteratorclass

permutations
thatallow

efficientlooping
overperm

utations.C
an

you
w
rite

a
function

thatcom
putes

the
sign

ofa
per-

m
utation?

U
se

the
internetforefficiency.

e)
C
om

puteexplicitexpressionsforthedeterm
inantsofm

atricesofdim
ension

up
to
3.B

y
equating

the
determ

inantofA
−

E
Iw

ith
zero,a

polynom
ialequation

in
E
isobtained.Find

the
solutions

in
the

case
n
=

2.

f)
C
onsiderthe

m
atrix

A
=

[−
1

z
z

1 ]
.

Forw
hich

z∈
C
is

A
H
erm

itian?
N
orm

al?
C
om

pute
the

eigenvaluesasfunction
ofz.A

lso
find

the
eigenvectors.

g)
Forw

hich
valuesofzdoesthere

exista
basisofeigenvectors?

8
G
ram

--Schm
idt

orthogonalization

FO
R
TH

E
C
U
RIO

U
S
LetV

be
a
vectorspace

over
F
w
ith

dim
(V

)
=

n
<
+∞

.R
ecallthatevery

finite-
dim

ensionalvectorspace
has

a
basis.In

the
lecture

notes,itis
claim

ed
thatevery

finite
dim

ensional
H
ilbertspace

hasa
basis

oforthonorm
alvectors!

R
ecall,thatin

an
orthonorm

albasis,com
putations

are
usually

m
uch

sim
plerthan

in
nonorthogonalbases.

In
thisexercise,w

e
show

thatany
setoflinearly

independentvectorscan
be

orthonorm
alized.W

e
w
ork

in
the

space
F

n
forsim

plicity.
Thatis,let

B
=

[b
1 ,···

,b
m ]⊂

F
n
be

a
setof

m
≤

n
linearly

independentvectors,spanning
a
subspace

V
=

sp(B).W
e
denote

the
vectorsetby

itsbasism
atrix

B.
Equivalently,B

isan
arbitrary

m
atrix

in
M

(n,m
,F)offullrank

m
,and

the
vectorsb

i are
the

colum
ns

ofB.W
ew

illfind
asetoforthonorm

alvectorsU
=

[u
1 ,···

,u
m ],again

denoted
by

am
atrix

in
M

(n,m
,F),

such
thatsp(B)

=
sp(U

).Thatis,the
tw
o
sets

ofvectors
are

bases
forthe

sam
e
subspace,butone

of
them

isan
orthonorm

albasis.
W
e
firstdefine

the
notion

oforthogonalprojection
onto

the
span

ofa
single

vector:Lety
∈
F

nbe
nonzero,Y

=
sp(y),and

letx
∈
F

n.

a)
Show

thatthe
vectorx

Y
given

by

x
Y
=

y ⟨y,x⟩
⟨y ,y ⟩

(3.25)

15

isthe
unique

vectorin
Y,such

that

∀y ′∈
Y,
∥x−

x
Y ∥≤

∥x−
y ′∥.

(3.26)

H
int:Find

a
function

f
:
R
→
R
w
hich

you
can

study,by
using

the
definition

ofY
=

sp( y) .

b)
Show

that
x
=

x
Y
+

x
Y
⊥,

(3.27)

w
here

⟨x
Y
⊥|x

Y ⟩
=

0.
(3.28)

Illustrate
w
ith

a
picture

ofthe
situation

in
R

2.

The
vectorx

Y
iscalled

the
orthogonalprojection

ofx
onto

Y
ory.

c)
Explain

thatthe
orthogonalprojection

isgiven
by

acting
w
ith

an
operator,

x
Y
=

P
y x,

P
y
=

y⟨y,y⟩ −
1y

H
.

(3.29)

The
operatorP

y iscalled
the

orthogonalprojection
operatoronto

Y
orb.

d)
Show

thatP
2
=

P
and

thatP
†
=

P.

The
G
ram

–Schm
idtorthogonalization

proceedsrecursively:

1.
u

1
=

b
1 ⟨b

1 ,b
1 ⟩ −

1/ 2(norm
alization)

2.
u
′2
=

b
2 −

P
u

1 b
2 (rem

ovalofprojection),and
u

2
=

u
′2 ⟨u

′2 ,u
′2 ⟩ −

1/2(norm
alization)

3.
u
′3
=

b
3 −

P
u

1 b
3 −

P
u

2 b
3 (rem

ovalofprojection),and
u

3
=

u
′3 ⟨u

′3 ,u
′3 ⟩ −

1/2(norm
alization)

4.
…

5.
u
′m
=

b
m −

∑
mi=

1 P
u

i b
m
(rem

ovalofprojection),and
u

m
=

u
′m ⟨u

′m
,u
′m ⟩ −

1/2(norm
alization)

W
eseethateach

u
i isgiven

by
projecting

aw
ay

from
b

i thecom
ponentsofallthepreviouslygenerated

u
j ,

j
<

i.

a)
Show

thatallthe
generated

vectorsu
i are

orthonorm
al.

b)
Show

thata
setoforthonorm

alvectorsare
linearly

independent.

c)
Show

thatthe
span

ofthe
firstk

originalvectorsisthe
sam

e
asthe

span
ofthe

firstk
generated

vectors.Show
that

B
=

U
R
,

(3.30)

w
here

R
∈

M
(m
,m
,F)is

upper
triangular,i.e.,R

ij
=

0
w
heneveri

>
j.
This

is
called

the
Q
R

decom
position

ofthe
operatorB.(The

“Q
”
isjustourU

.)

d)
W
ehaveshow

n
theexistenceoftheQ

R
decom

position
w
hen

B
had

fullrank.C
an

you
show

the
existence

ofthe
decom

position
w
hen

B
does

nothave
fullrank?

Italw
ays

exists.
H
int:

W
hat

happensw
hen

B
doesnothave

fullrank?

W
e
now

turn
to

a
com

putationalexercise:

e)
W
rite

a
Python

function
to

com
pute

the
Q
R
decom

position
ofa

m
atrix

w
ith

fullrank.In
SciPy,

the
function

scipy.linalg.qr
isan

advanced
im

plem
entation

w
ith

pivoting.To
com

pare
w
ith

yourim
plem

entation,use
the

call
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Q,R
=
qr(A,mode='economic',pivoting=False)

W
ith

pivoting=False,the
function

com
putesessentially

the
sam

e
asourpresented

algorithm
.

(Turning
on

pivoting
stabilizesthe

algorithm
,rearranging

the
vectorsbefore

orthogonalizing.)

f)
Letn

≥
m
>

0
be

integers,and
define

the
m
atrix

A
∈
R

n×
m
by

A
ij
=

(i−
1

n−
1 )

j−
1

.
(3.31)

Thisthe
m
atrix

ofthe
m
firstm

onom
ials

x
j−

1evaluated
atan

equidistantgrid
ofn

pointsin
the

interval[0,1].
TestyourQ

R
im

plem
entation

on
A
forvarious

n,m
,say

m
=

10
and

m
=

200.
In

particular,com
pute

the
difference

betw
een

yourfactorization
and

A,and
com

pare
also

w
ith

the
N
um

Py
im

plem
entation.

9
The

singular
value

decom
position

as
a
com

pression
tool

FO
R
TH

E
C
U
RIO

U
S

TheSV
D
isavery

pow
erfullinearalgebratool.In

quntum
chem

istry
itisused

to
com

presselectron
repulsion

integrals,forexam
ple.

In
thissm

allexercise,w
e
dem

onstrate
itspow

erapplied
to

im
age

com
pression.Forthisexercise,

a
good

grayscale
im

age
ishandy.You

can
find

a
nice

picture
ofa

parrotin
Figure

3.1.
R
ecallfirstthe

H
ilbert–Schm

idtinnerproducton
the

setM
(n,m
,F)ofm

atrices:

⟨X
,Y⟩H

S
=

Tr(X
HY)

(3.32)

The
trace

Tr(A)isthe
sum

ofthe
diagonalelem

entsofA.
R
ecallalso

the
SV

D
:ForA

∈
M

(n,m
,F),and

k
=

m
in(n,m

),there
are

unitary
m
atrices

U
∈

M
(n)

and
V
∈

M
(m

),such
thatU

HU
=

In and
V

HV
=

Im ,and
num

bersσ
1 ≥

σ
2 ≥
···σ

k,such
that

A
=

U
ΣV

H
=

k
∑i=

1

u
i σ

i v
Hi
,

(3.33)

w
here
Σ
∈

M
(n,m
,R

)issuch
thatthe

upperk×
k
block

isdiagonal,w
ith

the
σ

i salong
the

diagonal,
and

the
restis

zero.
N
ote

thatU
and

V
m
ay

have
colum

ns
thatdo

notenter
the

expansion
on

the
right-hand

side.Thus,the
“fullSV

D
”
on

the
lefthand

side
can

be
reduced

to
the

“econom
icalSV

D
”,

A
=

U
ΣV
=

U
:,:k Σ

:k,:k V
H:,:k ,

(3.34)

w
here

the
index

“:k”
isshortforthe

selection
ofthe

k
firstindices,and

“:”
iseverything.

a)
H
ow

is
the

H
ilbert–Schm

idtinnerproductrelated
to

the
Euclidean

innerproductand
the

stan-
dard

Euclidean
vectorspace?

b)
Show

thatTr(A
BC

)
=

Tr(C
A

B)(cyclic
invariance).

c)
Letu

i and
v

i be
the

leftand
rightsingularvectors

ofa
m
atrix

A.Show
thatthe

m
atrices

X
ij
=

u
i v

Tj form
an

orthonorm
alsetin

the
H
ilbert–Schm

idtinnerproduct.

d)
C
onclude

thatthe
SV

D
isan

expansion
ofa

m
atrix

in
an

orthonorm
albasis.
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Figure
3.1:A

parrot,https://w
w
w
.dropbox.com

/s/8r4svs6uuhgw
aw

t/parrot.png

Itisa
fact,thatthe

truncated
SV

D
,i.e.,A

(m
)
=

m
∑i=

1

u
i σ

i v
Hi
,

(3.35)

isthe
bestrank

m
approxim

ation
ofA

in
the

sense
ofthe

H
ilbert–Schm

idtnorm
,i.e.,

A
(m

)
=

argm
in

B
∥B
−

A∥H
S ,

(3.36)

subjectto
the

condition
thatrank

ofB
is

m
.

e)
W
rite

a
Python

program
/notebook

thatreads
an

im
age

file
and

converts
itto

a
m
atrix

A
∈

M
(n,m
,R

).The
m
odule

imageio
can

be
useful.

f)
C
ontinue

w
riting

the
program

,so
itcom

putes
the

truncated
and

fullSV
D

of
A.

You
can

use,
say,scipy.linalg.svd

to
find

the
fullSV

D
.

g)
Plotthe

singularvalues.D
iscuss.

h)
Show

thatthe
errorin

the
H
ilbert–Schm

idtnorm
is

∥A
(m

)−
A∥H

S
=

√√
k

∑i=
m
+

1 σ
2i .

(3.37)

i)
M
akevisualizationsofthetruncated

SV
D
oftheim

age
A,w

ith
various m

.C
om

putetherelative
error∥A

(m
)−

A∥H
S /∥A∥H

S
foreach

m
you

consider.D
iscussthe

im
age

quality.

10
Space

ofpolynom
ials

In
this

exercise,w
e
study

a
vector

space
thatis

not
F

n.
W
e
startoutw

ithoutan
inner

product,but
supply

thislater.
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R
ecallthata

polynom
ialofdegree

n
w
ith

coefficientsin
F
isa

function
p

:
R
→
C
given

by

p(x)
=

a
0
+

a
1 x
+

a
2 x

2
+
···+

a
n x

n,
(3.38)

forsom
e

n
≥

0,w
ith

a
i ∈
C
,and

a
n
"

0.

a)
REC

O
M
M
EN

D
ED

LetP
n be

the
setofallpolynom

ials
ofdegree

less
than

orequalto
n.

Show
thatP

n isa
vectorspace

ofdim
ension

n
+

1
over

C
.

b)
REC

O
M
M
EN

D
ED

LetD
:P

n →
P

n be
the

differentiation
operator,i.e.,

(D
p)(x)

=
p ′(x).

(3.39)

Show
thatD

isindeed
a
linearoperator.

c)
D
oesthere

existan
inverse

ofD
?

d)
LetB

=
{1,x,x

2,···
,x

n}be
the

basisofm
onom

ials.U
sing

bra-ketnotation,w
e
w
rite

the
basis

operatoras

B̂
=

n
∑i=

1 |x
i−

1⟩⟨i|,
(3.40)

w
here|i⟩isa

standard
basisvectorfor

R
n.C

om
pute

the
m
atrix

ofD
relative

to
thisbasis.(N

ote
carefully

thatw
e
do

nothave
an

innerproductdefined.)
Thatis,find

a
m
atrix

T
such

that

D
B̂
=

B̂T
.

(3.41)

W
e
now

restrictourattention
to

the
intervalx∈

[−
1,1].Thatis,

V
n
=
{p

:[−
1,1]→

C
|p

a
polynom

ialofdeg≤
n}.

(3.42)

The
above

subexercisesdid
notdepend

on
the

dom
ain

ofthe
polynom

ial.
W
e
define

an
innerproducton

V
,⟨p|q⟩

:=
∫

1

−
1

p(x)q(x)dx.
(3.43)

W
e
w
illnow

define
the

Legendre
polynom

ials.

e)
Show

that⟨·|·⟩isindeed
an

innerproductby
checking

the
axiom

s.

f)
C
om

pute
the

overlap
m
atrix

S
ofthe

m
onom

ialbasis.Isthe
basisorthonorm

al?

g)
Form

ulate
the

G
ram

–Schm
idtprocedure

using
the

bra-ketnotation.Explain
how

the
procedure

generatesan
uppertriangularm

atrix
R
such

that

B̂
=

Û
R
,

(3.44)

w
here

Û
isthe

basism
atrix

ofthe
orthonorm

alsetofvectors.

h)
U
se

the
G
ram

–Schm
idtdecom

position
by

hand
to

com
pute

the
firstthree

norm
alized

Legendre
polynom

ials|P̂
i ⟩,i
=

0,1,2,defined
using

the
G
ram

–Schm
idtorthogonalization

of{1,x,x
2}.
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The
Legendre

polynom
ials

are
defined

as
the

setoforthogonalpolynom
ials

P
i :

[−
1,−

1]→
R
ob-

tained
by

G
ram

–Schm
idtorthogonalization

ofthe
m
onom

ials,butnorm
alized

according
to

P
i (x)
=

1.
Thus,they

are
notorthonorm

al.The
endpoint-norm

alization
isequivalentto

∫
1

−
1 P

i (x)P
j (x)dx

=
2

2i
+

1
δ

ij .
(3.45)

Itis
also

a
factthatthe

Legendre
polynom

ials
satisfy

a
recurrence

relation:
W
ith

P
0 (x)

=
1
and

P
−

1 ≡
0,w

e
have

(i
+

1)P
i+

1 (x)
=

(2i
+

1)xP
i (x)
+

iP
i−

1 (x).
(3.46)

From
this,one

can
show

:

P
′i+

1 (x)
=

2P
i (x)
∥P

i ∥ 2
+

2P
i−

2 (x)
∥P

i−
2 ∥ 2
+

2P
i−

4 (x)
∥P

i−
4 ∥ 2
+
...

(3.47)

i)
C
om

putethem
atrix

ofthedifferentialoperatorD
in
thenorm

alized
Legendrepolynom

ialbasis,
both

by
using

m
atrix

m
ultiplication

involving
X,

R,and
R
−

1,and
also

by
using

Eq.(3.47).
C
om

pare
the

tw
o
explicitly

using
pen-and-papercalculations.

j)
R
epeatthe

previousexercise
w
ith

the
operatorD

2.

O
ne

ofthe
m
ostusefuluses

oforthogonalpolynom
ials

is
thatthey

define
very

efficientquadrature
rules.C

onsiderapproxim
ating

the
integralofsom

e
f(x)by

a
linearcom

bination
ofpointsam

ples,
∫

1

−
1

f(x)dx≈
n

∑i=
1

f(x
i )w

i ,
(3.48)

w
here

the
w

i are
called

w
eights

and
the

x
i are

called
nodes.

Then,itis
a
factthatthere

is
a
unique

choiceofw
eightsand

nodessuch
thatthequadratureruleisexactforany

polynom
ialofdegree

2n−
1.

Thisisquite
rem

arkable.Even
m
ore

rem
arkable

perhaps,isthatthe
nodesare

the
zeroesofP

n .The
w
eightsare

also
related

to
the

Legendre
polynom

ials,

w
i
=

2
(1−

x
i ) 2[P

′i (x
i )] 2

(3.49)

The
W
ikipedia

page
on

G
auss–Legendre

quadrature
containsm

ore
details.

Theso-called
G
olub–W

elsch
algorithm

isasim
plealgorithm

based
on

diagonalization
ofatridiag-

onalH
erm

itian
m
atrix

forcom
puting

thenodesand
w
eightsofG

aussian
quadratures,seetheW

ikipedia
page

on
G
aussian

quadrature.The
interested

studentshould
check

itout!
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Exercise
set

4:
Vector

calculus

1
Visualization

offunctions

Som
e
pathsand

theircurves:

a)
REC

O
M
M
EN

D
ED

Let
f

:
R
→
R

2be
a
path

defined
by

f(t)
=

[r(t)cos(4t),r(t)sin(4t)],
r(t)
=

exp(−
t)].

Sketch
the

curve
traced

by
the

path
for0

≤
t≤

2π.
You

can
check

yoursketch
against,say,a

Python
plot.

b)
Let

f
:]0,+∞

[⊂
R
→
R

2be
a
path

defined
by

f(t)
=

[ln(t),t].

Sketch
the

curve
traced

by
the

path.You
can

check
yoursketch

against,say,a
Python

plot.

c)
Let

f
:[0,π]→

[x(t),y(t)],w
ith

x(t)
=

16
sin(t) 3and

y(t)
=

13
cos(t)−

5
cos(2t)−

2
cos(3t)−

cos(4t).Sketch
the

curve.H
ere,itisprobably

easiestto
justuse

Python
ora

sim
ilartool.

Levelcurves:

d)
REC

O
M
M
EN

D
ED

Let
f(x,y)

=
x

2
+

y
2.Sketch

the
levelcurves{(x,y)|

f(x,y)
=

n},forn
=

1
and

n
=

2,n
=

3,and
n
=

4.

e)
Let

f(x,y)
=

x
+

y
+

2.Sketch
the

levelcurvesw
here

f(x,y)
=

0,2
and

4.C
an

you
sketch

the
graph

of
f?

f)
Let

f(x,y)
=

x
2−

y
2.

The
graph

is
called

the
hyperbolic

paraboloid,ora
saddle.

Sketch
the

graph.
Sketch

the
levelcurves{(x,y)|

f(x,y)
=

n},forn
=

0
and

n
=
−

1,n
=

1.
M
ake

sure
thatyou

getall“pieces”.

g)
W
rite

a
Python

program
forsketching

the
levelcurves

in
f),butuse

m
ore

closely
spaced

con-
stants.There

are
toolsin

M
atplotlib

thatare
handy.

h)
A
daptyourprogram

to
draw

levelcurvesof(x,y)/→
(x

2
+

3y
2)e

1−
x 2−

y 2.

Sectionsand
levelsurfaces:

C
onsider

the
hydrogen

atom
eigenfunctions.

These
are

defined
in

term
s
of

the
nodalquantum

num
bern

∈
N
,and

the
orbitalangularm

om
entum

quantum
num

bers
ℓ∈
N
and

m
∈
Z,|m|≤

ℓ.The
generalexpression

forthe
orbitalsis

ψ(r,θ,φ)
=

R(r)Y
ℓm (θ,φ),

(4.1)
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w
here

Y
ℓm

isa
sphericalharm

onic,and
w
here

R(r)isthe
radialsolution

ofthe
Schrödingerequation,

given
by

R(r)
=

N
ℓm
ρ
ℓL

2ℓ+
1

n
+
ℓ

(ρ)e −
ρ/2,

ρ
=

2r/n.
(4.2)

H
ere,N

ℓm
isa

(m
ore

orless)irrelevantnorm
alization

constant.U
sefulconversion

functionsare

r(x,y,z)
=

√
x

2
+

y
2
+

z 2,
(4.3)

x
=

rsin
θcos

φ
,

y
=

rsin
θsin

φ
,

z
=

rcos
θ.

(4.4)

You
can

look
up

the
sphericalharm

onics
Y
ℓm

on,forexam
ple,W

ikipedia.
In

particular,the
1sand

2p
z functionsare

given
by

ψ
1s (x,y,z)

=
1√π e −

r(x,y,z),
(4.5)

ψ
2p

z (x,y,z)
=

1
4 √

2π ze −
r(x,y,z)/2,

(4.6)

i)
W
riteaPython

program
to
draw

thelevelsurfacesofhydrogen
orbitals,{(x,y,z)|ψ(x,y,z)

=
c}.

C
hoose

interesting
valuesofc.Itcan

be
interesting

to
colorcode

surfacesofopposite
positive

and
negative

c.

j)
W
rite

a
program

to
visualize

the
sections

ofthe
graph

ofthe
orbitals.

U
se

forexam
ple

the
xz

plane
forvarying

fixed
valuesofy

const ,and
plot(x,y)/→

f(x,y
const ,z).

2
O
pen

and
closed

sets
in

Euclidean
space

a)
Show

thatany
ε-ballisopen.

b)
Show

thatA
∪
∂A

isclosed.

c)
Show

thatifA
⊂
R

nisclosed,then
ifa

sequence
x

i ∈
A
convergesto

som
e

x
∈
R

n,then
x
∈

A.
[Thisisan

alternative
definition

ofA
being

closed]

d)
Show

thatthe
closure

ofA,the
sm

allestclosed
setĀ

thatcontains
A,isequalto

A
∪
∂A.

e)
Show

that
A
=
{(x,0)|x∈

[−
1,1]}⊂

R
2}

(4.7)

isclosed.

f)
Show

that
Q
⊂
R
neitheropen

norclosed.
Show

thatthe
boundary

of
Q

is
R
.
Show

thatthe
interiorof

Q
isem

pty.W
hatisthe

closure
of
Q
?

g)
Let

A
=
{(x,y)∈

R
2|0
≤

x
<

1,
0
≤

y
<

1}.
(4.8)

C
om

pute
the

interiorofA,the
boundary

ofA,the
closure

ofA.
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3
C
ontinuity

a)
REC

O
M
M
EN

D
ED

Let
f

:
R
→
R
be

given
by

f(x)
=

⎧⎪⎪⎨⎪⎪⎩ 1
x
>

0
−

1
x≤

0
(4.9)

Forw
hich

x∈
R
doesthe

lim
it

limh→
0

f(x
+

h)
(4.10)

notexist?
W
hy?

b)
Show

thatany
polynom

ial
p

:
R
→
R
is
continuous,by

using
the

theorem
on

properties
of

continuousfunctions.

c)
(M

arsden
and

Trom
ba)C

onsiderthe
function

f(x,y)
=

sin(x
2
+

y
2)

x
2
+

y
2
.

(4.11)

This
function

is
defined

on
R

2\{(0,0)}.D
eterm

ine
w
hether

f(x,y)approaches
som

e
value

as
(x,y)→

(0,0).W
hatisthisvalue?

d)
REC

O
M
M
EN

D
ED

(M
arsden

and
Trom

ba)
D
oes

lim
(x,y)→

(0,0) x
2/(x

2
+

x
2)

exist?
If

you
w
ant,

plotting
the

function
can

help.

e)
(M

arsden
and

Trom
ba)Prove

thatlim
(x,y)→

(0,0) 2x
2y/(x

2
+

y
2)
=

0
using

an
ε-δ

argum
ent.

4
D
ifferentiability

a)
C
om

pute
the

partialderivativesof

f(x,y)
=

xy
(x

2
+

y
2) 1/2 .

(4.12)

5
Taylor

polynom
ials

a)
C
onsiderthe

m
atrix-valued

function

f(t)
=

e −
tABe

tA,
(4.13)

w
here

A
and

B
are

square
m
atrices.

The
m
atrix

exponentialis
defined

in
term

s
ofthe

Taylor
series,

exp(X
)
=
+

X
+

12! X
2
+

13! X
3
+
···
,

(4.14)

w
hich

is
convergent.

Itis
a
factthatif

X
Y
−

Y
X
=

[X
,Y]
=

0
(com

m
uting

m
atrices)

then
exp(X

+
Y)
=

exp(X
)exp(Y),by

the
sam

e
proofasforthe

exponentialfunction
overa

field
F.

b)
Explain

w
hy

w
e
m
ay

view
f
asa

vector-valued
function

c)
Show

thatt/→
e

tA
isdifferentiable.

d)
Show

that
f
isdifferentiable.C

om
pute

itsderivativesto
arbitrary

order
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6
N
ew

ton--Rhapson
m
ethod

In
the

nextexercise,w
e
derive

the
N
ew

ton–R
hapson

m
ethod

forrootfinding.
let

f
:
Ω
⊂
R

n→
R

nbe
a
function

ofclassC
1.W

e
seek

x
∈
Ω
such

that
f(x)
=

0.
A
ssum

e
w
e
have

an
initialguessx

0 ∈
Ω
.

e)
Explain

w
hy

the
follow

ing
polynom

ialisa
good

approxim
ation

to
f(x)nearx

0 :

p(x)
=

f(x
0 )
+

J(x−
x

0 ),
J
=

D
f(x

0 ).
(4.15)

f)
N
ew

ton’s
m
ethod

now
finds

a
new

guessx
1 by

finding
the

rootofthe
Taylorpolynom

ial,i.e.,
p(x

1 )
=

0.W
rite

dow
n
a
form

ula
forx

1 ,assum
ing

thatthe
m
atrix

J
hasan

inverse.

g)
Suppose

the
true

solution
isx∗ ∈

Ω
,and

assum
e
thatthe

errorin
x

0 is
sufficiently

sm
all.

Find
an

estim
ate

forthe
errorofx

1 .A
ssum

ing
thatthe

errorcan
be

converted
to

significantdigits
n,

w
hatisthe

num
berofsignificantdigitsin

x
1 ?

H
int:Look

atthe
rem

ainderterm
.

h)
Suppose

successive
iterationsare

perform
ed.H

ow
m
any

digitsdo
you

have
afterk

iterations?

i)
M
ake

a
Python

im
plem

entation
ofN

ew
ton’sm

ethod
and

testiton
the

follow
ing

function:

f(x,y)
=

(e
xy

3−
1,y

2−
sin(x)−

1).
(4.16)

Itcan
be

an
idea

to
try

and
visualize

the
function.Tw

o
rootsare:

{(4.38277027,0.23202192),
(0,1)}

(4.17)

Try
differentinitialguessesx

0 ,close
to
the

rootsand
furtheraw

ay.H
ow

m
any

iterationsdo
you

need
to

achieve
m
achine

precision
foryourguesses?

C
an

you
find

m
ore

roots?
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Exercise
set

5:
C
om

plex
analysis

1
Basic

calculations

Figure
5.1:The

parallelogram
rule.(From

B
utkov.)

a)
REC

O
M
M
EN

D
ED

Letx
=

x
+

iy
∈
C
.
Illustrate

the
addition

w
=

z
+

z̄
in

a
coordinate

system
using

the
parallelogram

rule.

b)
R
ecallourearlierexercise,w

here
C
w
asregarded

asthe
realvectorspace

R
2.Letzi

=
x

i +
iy

i ,
and

denote
the

corresponding
vectorsin

R
2by

v
i .Show

that

⟨v
1 ,v

2 ⟩
=

R
e(z1 z2 )

=
R

e(z1 z2 ).
(5.1)

c)
A
notherproductin

R
2(and

indeed
R

3)isthe
crossproduct:

v
1 ×

v
2
=

∣∣∣∣∣∣ v
11

v
12

v
21

v
22 ∣∣∣∣∣∣ ,

(5.2)

the
m
atrix

determ
inant.Show

that

v
1 ×

v
2
=

Im
(z1 z2 )

=
−

Im
(z1 z2 ).

(5.3)

d)
Show

thatthe
function

z
/→

iz
is
a
counterclockw

ise
rotation

by
π
/2.

Find
the

function
that

perform
sa

clockw
ise

rotation
by

the
sam

e
angle.

2
C
om

plex
functions

In
thissection,w

e
give

som
e
relatively

easy
exercisesto

illustrate
the

im
portantconceptsofcom

plex
analytic

functions.
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2.1
The

com
plex

exponentialfunction
In

thisexercise,w
ederivethecom

plex
exponentialfunction.Thestarting

pointistherealexponential
function,w

hich
isthe

unique
function

f(x)
=

exp(x)thatsatisfies

f(x
1
+

x
2 )
=

f(x
1 )f(x

2 ),
f(0)
=

1.
(5.4)

W
e
desire

to
generalize

exp(x)to
the

com
plex

plane,so
thatexp(x

+
0i)
=

exp(x)∈
R
.

To
avoid

confusion,w
e
callthisunknow

n
function

f
:
C
→
C
.

a)
Show

that
f(x
+

iy)
=

exp(x)f(iy).(Thus,w
e
need

to
determ

ine
f(iy).)

b)
W
e
set

f(iy)
=

A(y)
+

iB(y).Show
that

A(y)
=

B
′(y),

B(y)
=
−

A
′(y),

(5.5)

and
hence

thatA
′′(y)
=
−

A(y).H
int:C

auchy–R
iem

ann.

c)
The

generalsolution
to

the
O
D
E

A
′′
=
−

A
is

A(y)
=
α

cos(t)
+
β

sin(y),
(5.6)

w
here

α
and

β
are

constantsto
be

determ
ined.Show

thatα
=

1
and

β
=

0
are

the
only

constants
com

patible
w
ith

f(z)being
a
generalization

ofthe
realexponentialfunction.

d)
C
onclude

that
f(x
+

iy)
=

e
x(cosy

+
isin

y)
(5.7)

e)
Show

that(exp(z)) ′
=

exp(z),using
C
auchy–R

iem
ann,and

thatexp(z)iseveryw
here

analytic.

f)
Show

thatthe
equation

exp(z)
=

w
(5.8)

hasinfinitely
m
any

solutionsforany
w
"

0.

g)
Show

thatexp(z)"
0.

2.2
Taylor

series
a)

C
onsiderthe

Taylorseries
∞∑n
=

0 z n
=

1
+

z
+

z 2
+
...−→

1
1−

z .
(5.9)

Show
thatthe

N
th

partialsum
is

N
∑n
=

1

1−
z N
+

1

1−
z
.

(5.10)

H
ere,the

polynom
iallong

division
algorithm

isuseful.

b)
Find

an
upperbound

for|z|such
thatthe

partialsum
convergesto

1/(1−
z).

c)
The

Taylorseriesforthe
exponentialfunction

is
∞∑n
=

0

1n! z n.
(5.11)

U
sing

the
definition

ofthe
com

plex
exponential,find

the
Taylorseriesforcos(x)and

sin(x),for
x∈
R
.
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d)
M
ake

plotsofthe
partialsum

softhe
sine

and
cosine

Taylorseriesto
verify

yourresult.

e)
Find

the
Taylorseriesforthe

function
f(z)
=

(e
z−

1)/z

f)
Find

the
Taylorseriesforthe

function
f(z)
=

sin(z)/zforz
"

0
and

f(0)
=

1.

2.3
Singularities

a)
REC

O
M
M
EN

D
ED

C
onsiderthe

function
f(z)
=

1
z(z−

1) .H
ow

m
any

polesdoes
f
have,and

w
here

are
they?

W
hatare

the
orderofthe

poles?
C
an

you
w
rite

dow
n
the

Laurentseriesof
f
around

z
=

0?

b)
D
oesthe

function
f(z)
=

1/sin(z)have
a
pole?

W
here?

W
hatorder?

c)
Find

the
singularitiesof

f(z)
=

e −
1/(z−

1) 2.

2.4
Line

integrals
Let

f(z)
=

1
z 3−

(2
+

i)z 2
+

(1
+

2i)z−
i

(5.12)

a)
Let
Γ
ε (w

)
be

the
sim

ple
closed

curve
defined

by
the

counter-clockw
ise

border
of

the
ε-ball

B
ε (w

).W
rite

dow
n
a
param

eterization
(a

path)forthiscurve.

b)
Identify

the
poles

P
=
{w

1 ,w
2 ,···}of

f(z)and
theirorder.H

int:A
zero

ofthe
denom

inatoris
z
=

i.

c)
W
hatisthe

value
of

∮

Γ
ε (0) f(z)dz

?
(5.13)

fpr
ε
=

1/2?

d)
Find

the
value

forthe
line

integrals,
∮

Γ
ε (w

i ) f(z)dz,
(5.14)

for
ε
=

1/2.H
int:D

on’tattem
ptthe

integraldirectly,butinstead
com

pute
considerthe

Laurent
series.Itcan

be
usefulto

use
the

Taylorexpansion

1
a−

z
=

1a
1

1−
z/a
=

1a

∞∑n
=

0 (z/a) n.
(5.15)

3
C
om

plex
step

m
ethod

FO
R
TH

E
C
U
RIO

U
S

Letf(x)beareal-valued
function,assum

ed
to
beanalyticnearsom

e
x,i.e.,itagreesw

ith
itsTaylor

seriesin
the

vicinity
of

x.

a)
Explain

w
hy

there
existsa

com
plex

analytic
function

near
x
+

0ithatagreesw
ith

f
on

the
real

axis.
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A
classicalm

ethod
forcom

puting
a
num

ericalderivative
ofa

C
1function

is
the

finite
difference

approxim
ation:

f ′(x)≈
δ

h f(x):=
f(x
+

h)−
f(x−

h)
2h

.
(5.16)

The
errorisO

(h
2).In

the
restofthe

exercise,let
f
be

given
by

f(x)
=

exp(x),
(5.17)

and
w
e
w
ish

to
differentiate

around
x
=

1.

b)
W
rite

a
sm

allprogram
thatusesstandard

double
precision

floating
pointarithm

etic
to

com
pute

the
finite

difference
derivative

forstep
lengthsfrom

the
intervalh

∈
[10 −

9,10 −
1].

c)
M
ake

a
plotofthe

absolute
value

ofthe
errorin

the
approxim

ation
as

function
of

h.
U
se

log
scales.

The
com

plex
step

m
ethod

utilizescom
plex

analyticity
to

avoid
the

cancellation
errorsseen

in
the

finitedifferenceschem
e.Itrelieson

thefunction
in
question

being
im

plem
ented/im

plem
entableusing

com
plex

arithm
etic.

d)
Show

that

f(x
+

ih)
=

f(x)
+

ih
f ′(x)−

12 h
2f ′′(x)−

ih
3

6
f ′′′(x)

+
O

(h
4).

(5.18)

e)
Solve

for
f ′(x),and

show
that

f ′(x)
=

Im
f(x
+

ih)
h

+
O

(h
2).

(5.19)

Thisisthe
com

plex
step

m
ethod.

f)
In

the
plotfrom

above,add
a
plotofthe

errorofthe
com

plex
step

m
ethod.C

om
pare.
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