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Lecture 1: Linear algebra

QUANTUM CHEMISTRY relies heavily on certain mathematical tools.
Chief among these are linear algebra. This chapter is an attempt at
giving a refresher of the most important concepts.

It is strongly suggested to read Chapter 1 in SO.

To be written.

Avoided crossing exercise

To be written.






Lecture 2: Atomic units and the Born—
Oppenheimer approximation

To be written ...

The Born-Oppenheimer approximation is a very central construc-
tion in quantum chemistry. It is quite necessary for chemical intu-
ition to make sense. We will try to explain this presently.

For this section, we assume familiarity with basic quantum me-
chanics as taught in, say, KJM2601. You should review the curricu-
lum on basic quantum mechanics.

For us, the most important aspects are the following: In the
previous lecture, we recapped linear algebra — the most important
tool in quantum chemistry. Linear algebra is important because we
formulate our computational methods in terms of it. Our methods
are approximations of The Schrodinger equation, a partial differential
equation that relates a wavefunction and its energy. For example, for
the hydrogen atom, we are looking for a wavefunction §(r) which
is square integrable,

IWIE = [ lgpmPdr =1,

meaning that it is an element of the Hilbert space L?(IR®). The
Schrodinger equation for the hydrogen atom is an eigenvalue equa-

tion and reads
n o, e’ 1
- _— =E .
< ngv + 47_[€0 ||r||> 'll)(r) llb(r)

Here the Hamiltonian operator is

n o, e’ 1

Ao, @ 1
2m, 4rte HrH

and is the observable for total energy. We observe that the Schrodinger
equation has the same structure as a matrix eigenvalue equation,
but that the unknown is a function in Hilbert space.
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There will in general be many discrete eigenvalues E,, with
eigenfunctions (orbitals) 9, (r). For the hydrogen atom these are
well-known. The eigenfunctions are orthonormal,

Wulp) = [ 90 ) dr = 8.

The hydrogen atom as presented above is the simplest example
of the clamped-nuclei approximation, where the nuclei of the molecule
are held fixed in space, while electrons move around quantum
mechanically. This approximation is the most important item of this
lecture, and the basis for virtually all subsequent material. However,
the Born—Oppenheimer approximation is a refinement of the approx-
imation that takes into account nuclei as quantum particles, and
of great importance in chemistry, although we will not study it
extensively in this course.

So we will have a Hilbert space Schrodinger equation to solve.

In subsequent lectures, we will approximate the wavefunction us-
ing a finite number of basis functions, transporting us to the realm
of linear algebra. This is necessary, because our Hilbert space is
infinite dimensional, meaning that it is not possible to find a finite
basis, in contrast to finite dimensional vector spaces such as C". In-
finite dimensionality introduces quite a few mathematical subtleties
that are beyond the scope of our course, but we will later on briefly
mention (but not prove) some aspects of the set of eigenvalues and
eigenfunctions of the Hamiltonian.

From classical to quantum mechanics for the molecule

Consider a molecule consisting of Npyc classical nuclei and N
classical electrons. The water molecule is illustrated in the margin.
By “clasical” we mean that each massive particle in the theory has
a definite position and velocity /momentum, that change in time
according to Newton’s laws.

Nucleus number a = 1,..., Npue, is located at R, € R3, has
momentum P,, charge +-eZ,, and mass M,. (Recall that nuclei
consist of N,; neutrons and Z, protons.) On the other hand, electron
number i = 1,..., Ng has position r;, momentum p;, charge —e and
mass M.

The total energy of the molecule is, assuming complete isolation
from the rest of the universe and no external electromagnetic forces
acting,

Hmol = 7;1uc + 7:31 + Vnuc—nuc + Vel-el + Vnuc-el (2-1)

with kinetic energy contributions from nuclei,

Nnuc P2
_ a
7;1uc - Z ZMaI (2'2)
a=1
and electrons,
Nel p2
Ta = : (2.3)

The clamped-nuclei approximation is
extremely important.

Illustration of the classical configura-
tion of the water molecule.
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Potential energy is split according to which particles interact with
who: Pairs of nuclei,

62 Nnuc—1 Nnuc ZLZ Zb

Vhue-nue = 7—— ™ B 1’ (2.4)
dmeo = 5 [IRe = Ry |
pairs of electrons,
2 Ne—1 Ng
e 1
Velel = 7—— ) T (2.5)
4rey = j=it1 [x; — rj”
and finally pairs of one electron and a nucleus,
2 Nnuc Nel
e Zg
Viucel = (2.6)

dreg = = IR, — ;||
The state of the classical system is the position-momentum vector
C = (rrR/p/P) = (rlr- . '/rNeer]/' . "RNr\uc’
NHLIC
Plr--~fPNe1rP1/~--rPNnuc) E]Ré(NEH_ ) (27)

Now, turning to the non-relativistic quantum mechanical descrip-
tion, and ignoring spin for the time being, the state becomes a
complex-valued wavefunction

Fmol (7, R) = Yot (r1,-- -, 1N, R, oo Ry
P, PNy P1soe s Pn..) (2.8)
while momentum vectors are replaced by differential operators,
pi — —ihVy, P — —iiiVg,.
The the total energy function becomes the Hamilton operator
Himol = True + Tet + Vauenue + Velel + Vauceels (2.9)

where the kinetic energy operators are

N Nhuc _hz 5 . Nel _hZ 5
Thue = 21 TA/IQVR“’ Te = Z; 2me Vri/
a= i=

and where the potential operators Velel, et.c., are just the operators
that multiply with the potential energy functions V¢, et.c.

Whereas the classical molecule’s state is governed by New-
ton’s laws, the quantum molecule’s state is governed by the time-
dependent Schrodinger equation,

., 0 ~
lhE‘Pmol(r/ R, t) = Hmol‘Pmol(r/ R, t)'

We recall that stationary states are solutions of the time-independent
Schrodinger equation,

A

Hpol = Tmol,k(r/ R) = Emol,kLIImol,k(r/ R)' (2.10)
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Here, k is an index that counts the different solutions. The solution
wavefunctions are called “stationary” since

‘Ymol(rr R, t) = 11Imol,k(rr R) eXp<_itEmoLk/h>

solves the time-dependent Schrodinger equation, but with time-
independent probability density.

Solving Eq. (2.10) is an immense task. Firstly, the molecular wave-
function, depending on all the massive particles” coordinates at
once, is such a monster that it can only be obtained approximately
for very modest molecules. Secondly, the molecular wavefunction
quite effectively hides molecular structure. The wavefunction does
not yield molecules with a clear structure. For example, nuclear
positions are only given probabilistically. Of course, the information
is there, hidden in all the correlations of the complicated ¥, but
it is very hard to obtain.

The Clamped-nuclei approximation

Enter the Clamped-nuclei approximation: The nuclei are very heavy
compared to the electrons. Indeed, the proton mass and the elec-
tron mass satisfy

mp
— =~ 1836.
Mo

Our intuition about heavy and light objects tells us that nuclei will
move slowly relative to electrons. In fact, in the clamped-nuclei ap-
proximation one approximates the nuclei as being completely sta-
tionary particles, so heavy that they do not even have quantum
wavefunctions; just a postition R, in space as well as a charge +eZ,.
Only the electrons are described by quantum mechanics in this ap-
proximation. Thus, we eliminate kinetic energy Thue of the nuclei,
fix R, for each nucleus a = 1, ..., Nayue, and observe that Viycnuc
then becomes a constant:

Hmol = Tnuc + Hel(R)r (2.11)
Hel(R) = Ael + Vel-el + Vnuc-el(R) + VHUC-HUC(R>/ (2~12)
2 Nhu Nl
~ e C € Z
Vnuc-el(R) = i (2.13)

dreg = o IR, —1;]|”
The electrons-only system has a wavefunction
‘I’el(rl, - INGs R),

that depends parametrically on R, meaning that selecting an R
amounts to selecting where the nuclei are — R is not a quantum
variable, so choosing R in the wavefunction does not correspond

to asking what is the probability amplitude for locating the nuclei
at R. (The wavefunction also depends parametrically on the nu-
clear charges, but as these usually are not changed in a chemical
reaction, one omits their specification.) The Hamiltonian of the elec-
trons also depends parametrically on R, since this variable only
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enters V..ol in terms of where the nuclei are. this explains the
appearance of R in parenthesis in H,

Hey(R) = Top + Verel + Vaucel (R) + + Viuenue(R) (2.14)

The parentheses “(R)” in H(R) signifies the parametric depen-
dence. It is not an operator that “acts on” nuclear coordinates — the
operator itself changes whenever R changes.

We note also that Vnuc-nuc(R) is just a constant in the electronic
Hamiltonian, since it is a purely R-dependent function. Therefore it
is sometimes omitted from the Hamiltonian and added later.

We can now write down the electronic Schrodinger equation:

A

Hel(R)\Pel(r} R) = Eel(R)‘Pel(r; R)' (2.15)

While we have simplified the molecular Schrodinger equation
somewhat by removing the nuclei from the picture, the electronic
Schrodinger equation is still very hard to solve. The main simplifica-
tion so far is conceptually: Electrons move about fixed nuclei, and
we have the nuclear “scaffold” as a well-defined thing.

Note again that we have ignored electron (and nuclear) spin in
this presentation. However, adding spin changes nothing in our
equations except their complexity and difficulty to read. We will
address electron spin properly in the next lecture.

What is in the molecular geometry?

For the moment, we now fix a nuclear geometry R. For example,
we could think of the simplest diatomic, H, ™", consisting of two
protons and a single electron. Physical intuition and common sense
tell us that where the molecule is and which orientation it has should
not matter for the solutions of the electronic Schrodinger equation.
Indeed this is true. Since translation is described by 3 real numbers,
and orientation of a rigid body by 3 real numbers (Euler angles), we
have in total 3Npyc — 6 real numbers, or “degrees of freedom”, that
describe molecular geometry. Furthermore, for linear molecules,
only 2 numbers are needed for orientation due to the symmetric
rotation axis, totaling 3Npyc — 5 real numbers.

Consider a diatomic like H,", which is linear. We obtain 3 - 2 —
5 = 1 degree of freedom. Clearly, the interatomic distance is suffi-
cient, R = ||R; — Ry||. Any other geometry of the diatomic molecule
is obtained by first rotating along two axes, and then translation in
space.

The spectrum of the electronic Hamiltonian

In this section, we summarize some mathematical facts. Obtaining
a complete understanding of these facts is far beyond the scope of
this course. We will not have extensive use of these facts later in the
course.

11
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As usual with the Schrédinger equation, the eigenfunctions are
not unique. Let us write, with some simplification in the notation,

Ha(R)Y,(r;R) = Eu(R)¥u(r; R) (2.16)

The index y labels the solutions. I mathematics, the set o(Hg(R)) of

possible eigenvalues is called the spectrum of Hy:
o(He(R)) = {all eigenvalues} C R.

The mathematical term “spectrum” is of course natural in light of
its interpretation in physics. The spectrum is now a function of R —
in our example the interatomic distance. Thus, we now fix R, and
omit its specification for ease of notation.

Mathematicians have proved that the spectrum of the electronic
Hamiltonian in general can be divided in two parts: The discrete
spectrum o4(Hg) consisting of isolated points on the real line, and
a continuous spectrum o.(Hg) consisting of a half-interval [%, +c0).
The number X is called the ionization threshold, and the distance
from the ground state energy is the energy required to remove an
electron from the molecule. The spectrum can be visualized as in
the margin.

It is always so that the discrete spectrum is at the bottom, while
the continuous spectrum starts at some value X and continues to
infinity:

0(Ha) ={Ex | p=1,2,...} U[Z, +o0).
Every neutral molecule has at least one discrete eigenvalue.

The discrete spectrum has eigenfunctions that are square inte-

grable, and are therefore labeled by a discrete index y:

Ha¥,(r) = E,¥u(r) (discrete)

/|‘I’V(r)|2d3N€1r - 1.

Indeed, for different eigenvalues, the eigenfunctions are orthonor-
mal,

(Pul¥y) = /.‘Ify(r)*‘lfv(r) A3Nety — Sy

On the other hand, eigenfunctions belonging to a point in the
continuous spectrum are not normalizable, and called a continuum
eigenfunction. These are therefore labeled by the continuous energy
E € [Z,400):

Ay¥E(r) = E¥YE(r) (contiunuous spectrum)

The eigenfunctions are “d-normalized”, i.e.,
(Pe[¥p) = / V(1) ¥ (r) dNer = §(E — E'),

where §(x) is the Dirac J-function. In particular, this “function” is
infinite at x = 0, meaning that the norm of the continuum wave-
function cannot be defined.

E Continuous

spectrum
E,
Discrete
spectrum
Ground state
z eigenvalue
E,
Ey

Illustration of the spectrum of the
electronic Hamiltonian Hg).
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The normalizable eigenfunctions are called bound states. The
continuous-spectrum eigenfunctions are called scattering states.
Since a quantum system must have square integrable states (due to
the probability interpretation), the scattering states are not realizable
in the sense that the electrons cannot live in a single scattering state.
These states are idealizations akin to plane waves. On the other
hand, the spectrum is complete in the sense that we can expand any
square-integrable wavefunction in the eigenfunctions:

¥(r) = ;C;[‘Yy(r) + o) c(E)¥g(r) dE. (2.17)

Here, we have a sum over discrete eigenvectors, and an integral
over the continuum. Mathematicians have proved that when we E
solve the time-dependent Schrodinger equation with this general A
initial condition, the part that is expanded in the continuous-
spectrum eigenfunctions escape from the nuclei as time approaches
infinity while the bound-state part does not escape. This explains
the term “scattering states”.

Potential-energy surfaces (PES)

We now consider what happens with the eigenvalues as function of
R. Keep the H," example in mind. The electronic ground state en-
ergy is the minimal energy attainable by the electrons for any given
R. For some R, this energy is lower than the energy of isolated
atoms, binding the molecule together: nuclei repel each other, and
so do electrons — in particular the potential energy is always posi-

tive. Kinetic energy is positive, too. So molecules must be bound by

electrons and nuclei attracting each other. The result is a curve as

Ilustration of the R-dependent spec-
trum, including the ionization thresh-
The excited electronic states have energies above the ground state old =.

shown in the margin.

energy. For H," there are infinitely many such bound states. They
cluster around the value £ = 0, where the continuous spectrum
starts. In the figure, though, the more general situation is displayed,
where the ionizaton threshold can vary with R.

Note that for every R we have an electronic energy E, (R) and
a corresponding wavefunction ¥, (r; R). This concept will be at-
tempted illustrated in a future version of the figure.

Born—-Huang expansion

Let R be a fixed molecular geometry. We now suppose we find a
complete set of electronic wavefunctions, and it is customary to
ignore the continuous spectrum from now on,

Ho(R)¥u(r; R) = Eu(R)¥u(r; R), (2.18)
where u counts the eigenstates, and they are complete. Complete-

ness means that any allowed electronic wavefunction can be ex-
panded according to

Y(r; R) =Y_xu(R)¥u(r; R).
I
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Here, x,(R) is the quantum mechanical amplitude that the elec-
trons are in the eigenstate ¥, (; R). This is basically the same ex-
pansion as we had when we discussed the spectrum of the elec-
tronic Hamiltonian.

Again, R is here entering parametrically, and x,(R) is just a se-
quence of complex numbers defined for our fixed R. This sequence

Z|C;4(R)‘2 =1
M

The adiabatic assumption: Recall, that nuclei move very slowly

satisfies

relative to electrons, or, equivalently, that electrons move very fast
relative to nuclei. There is a theorem in quantum mechanics called
the adiabatic theorem: If a quantum system is in its ground state,
and if a parameter is changed “infinitely slowly”, the system will
remain in the ground state for every parameter value. Thus, if the
electrons start in the ground state ¥(r, R), then they will remain
in the ground state as the nuclei move.

We now make the nuclei quantum mechanical. There will be a
wavefunction x(R) for the nuclei, and the question is: What is the
wavefunction of the full molecular system? For the nuclear geom-
etry R, we know with certainty that the electrons are in ¥ (7, R).
There is a way to form the wavefunction of a combined quantum
system, and that is taking the product of their wavefunctions, i.e.,

‘Fmol(rr R) ~ X(R)Tel,O(r; R)'

This wavefunction is the Born—Oppenheimer wavefunction. Effec-
tively, we choose the first term of the full electronic wavefunction
above, and promote the parametric variable R to a quantum vari-
able. Now the function x(R) = xo(R) is actually a wavefunction!

We could do a more accurate wavefunction, allowing the elec-
trons to also reside in excited states. This makes sense since the adi-
abatic approximation is not exact. We then obtain the Born-Huang
wavefunction

mol r, R ZX% ely r; R)

where the sum runs over as many terms as we desire, typically
only a handful.

Born—Oppenheimer approximation

What is the Schrodinger equation satisfied by the Born-Oppenheimer
wavefunction? We start by recalling the molecular Hamiltonian,
which acts on the molecular wavefunction:

A A

Hmol = Tnuc + Hel(R)~
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Since the derivative terms of Hy act only on r, we get

A A

Hel(R)Tmol(r/ R) = X(R)[Hel(R)Tel,O(rr R)] = EO(R)IFmol(rr R)'
The nuclear kinetic energy operator is

R —1?
Thue=) —VRr VR .
nuc ; Ma R, R,

When applied to the product it will generate several terms:

2
Tose 2(R) Yo R) = ¥ 5 (VR X(RIEo s R)

+2VR,x(R) - Vi, ¥o(r; R) + x(R) Vg, ¥o(r; R) )
(2.19)

The two last terms in the big parenthesis are called nuclear adi-
abatic coupling terms, and are assume smalls. This is not always
true. The assumption is essentially that the electronic wavefunction
changes slowly with R, which is okay when electronic states are
well-separated in energy. Ignoring these two terms, therefore, leads
to the equation

Himot X(R)¥er,0(r; R) = [(Toue + Eo(R)) x (R)]¥ei0(r; R).  (2.20)

We multiply from the left with ¥ o(7; R)* and integrate over elec-
tronic coordinates. This gives the nuclear Schroedinger equation in the
adiabatic approximation:

[Tnuc + Vnuc—nuc + EO(R)] Xk(R) = Emol,k Xk(R)'

Here, xi(R) is the k’th eigenfunction with eigenvalue Ej o k-
Thus, the nuclei move about in a potential set up by the electrons
Eo(R). This potential is unknown, and must be computed for every
R we are interested in. Thus, it is quite difficult to obtain the poten-
tial energy surface to a sufficient degree of accuracy so we can solve
the nuclear Schrédinger equation. Most of our work in subsequent
lectures will concern computing Eo(R).

In the margin, we have visualized the electronic PES and the
nuclear ground state wavefunction for a Morse potential, a model

for diatomic potentials. This visualization ignores rotation of the
molecule.

6

s

] FolR)
) 0
3
231
=]
[sa)

5]

Xo(R)

1
Emol, 0|

0 - V

0‘.5 110 115 210 215

r(A)

Illustration of the nuclear ground-state
wavefunction xo(R) superimposed

on the electronic potential-energy
surface Ey(R), modeled by a Morse
potential. The wavefunction is plotted
on a vertical position shifted according
to the ground-state eigenvalue, as is
common.
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Exercise 1: Exact two-body Schridinger equation, COM/relative coor-
dinates, and clamped nuclei

Consider the problem of solving the Schrodinger equation for the
hydrogen atom (an electron and a nucleus) as the simplest “molec-
ular” Schrodinger equation. Let the electron have mass m, and
charge —e, and the nucleus have mass my and charge +-e. Let their
position operators be r, and r, in lab coordinates. The exact nonrel-
ativistic Hamiltonian is
A H

Hmol = _ﬂvi -
e

hZ ) 62

— . 2.21
2my, " 4meg |re — 1| (2.21)

(a) Exact problem and translation invariance. Show that the poten-
tial depends only on the separation r, — ry. Argue that this implies
invariance of solutions of the Schrédinger equation under uniform

translations (1, r,) — (r. +a, 1, 4 a), and that the total momentum

Ptot = _ih<vre + vrr,)

commutes with Hy).

(b) Center-of-mass and relative coordinates. Introduce

ety
M = m, +my, U= M
and define N
MeT, + MpT)
R=—- "~ =1, — Iy
M ¢
Derive the inverse relations
m m
p e
r. =R+ —r, r,=R——r
¢ M P M

(c) Transform the kinetic energy (exact separation). Using the
chain rule, show that

m m
YV, = MEVRJFVU Vy = MPVR—VP

P
Define operators (“conjugate momenta”)
P = —ihVyg, p = —ihV,,

and show that

hZ VZ hZ VZ PZ p2

S 2me * 2m, " 2M ' 2u°

Conclude that the exact Hamiltonian (2.21) becomes

R p2 p2 o2
Ao =-—4(P2__¢ ) .
mol = oar + (2;4 47eg |r|) (2.22)
Nagi?

Hem H.

rel
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(d) Separation of variables and physical meaning. Let ¥(R,r) =
®(R)y(r). Show that the Schrodinger equation Hy,oi¥ = Epl ¥
with (2.22) separates into

chmq) = Ecm®, Hrelll) = Ereﬂpr Emol = Eecm + Erel'

Interpret @ as the free translational motion of the whole atom, and
derive the eigenfunctions of this motion, and interpret ¢ as the
internal (bound-state) motion.

(e) The clamped-nuclei (infinite-mass) approximation. In the
clamped-nuclei approximation one replaces the nuclear kinetic
energy term by zero and treats the nucleus as fixed at r, = 0. The
approximate Hamiltonian is then
~ h? 5 e?
Hyg=—-77—V; ———. 2.2
el 2me " Arreg |t (2.23)
1. Compare the clamped-nucleus internal Hamiltonian (2.23) with
the exact relative Hamiltonian H, in (2.22). By identifying r =
r. whenr, = 0, show that A, is obtained from H,y by the
replacement y — m, (equivalently, the limit m, — co).

2. Explain (in a sentence or two) which physical effects are re-
moved by clamping the nucleus (e.g. recoil / finite nuclear mass,
COM motion, and exact translation invariance of the full two-
body problem).

(f) Quantifying the error (spectral shift). Let Eﬁf Y denote the
bound-state energies of A, and E,(f) those of H. Using the known
hydrogenic scaling E,, « —(mass)/n?, show that

E,(f‘) U mp

E,(f) S ome  me+my

Estimate the relative difference

‘Egle) _ E(V)|

n

K

|E,(1€) | me

(You may use my, /m, ~ 1836.)

17
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1.1

Lecture 3: Electron wavefunctions and

Hartree—Fock

Spin

Recall that in the clamped-nuclei approximation we are seeking an
N-electron wavefunction ¥ that depend on all the electron coordi-
nates. However, before we discuss this wavefunction in detail, we
must mention spin.

An electron does not only have a position in space r, but also
an intrinsic degree of freedom called spin . All quantum particles
have spin, which takes on half-integral or integral value s. Electrons
have spin s = 1/2, and are therefore fermions. The spin coordinate
takes 2s +1 = 2 discrete values. For the electron, these values are
typically denoted w € {a, }. The notation varies, sometimes it
is {1,4} or {+3,—1%}, etc. In the latter case, the spin variable is
associated with the projection of electron spin along a coordinate axis,
typically the z axis.

Thus, the electron has a generalized position x = (r,w) in an
extended configuration space being equal to two copies of R3. The
wavefunction is ¢(x), and can be written in numerous ways:

P(x) = p(r,w) = Po(r).

Picking w = &, or “1”, 1, (r) is the probability amplitude for having
a-spin at r, while g(r) is the probabiltiy amplitude for having
B-spin, or “|”, at r.

At a given position r, the electron wavefunction is therefore a
two-component vector, a spinor |u):

1) = ) {wlu) + |B) (Blu)

(3.1)
= ug |o) +ug |B)

where |«) and |B) are an orthonormal basis for this spinor space. It
is customary — but not necessary — to associate each of these basis
spinors with the standard basis in C? ie,

) = m ;1B = m . 6-2)

Particles with integral spin are called
bosons, while particles with half-
integral spin are called fermions.
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Thus,
u) = [Z“] : (3-3)
B
The coordinates of the electron is the tuple x = (r,w). Thus, the
electron lives in “two copies” of space IR3. The total one-electron
wavefunction is a function of x, e.g.,

Xa(1)
xp(1)

x(r, )
x(r, B)

Usually, since the spin is a discrete quantity, the spin coordinate is

x(x) =x(rw)= (3.4)

placed as a subscript, as on the right hand side, but mathematically
it is of course of no consequence where we put the spin coordinate
symbol.

Orbitals and spin-orbitals

The function x(x) from above is a general single-electron wave-
function. However, in quantum chemistry we usually work with
single-electron wavefunctions on a particular form — spin-orbitals.

Let 1(r) be a function of a single spatial coordinate only. Such
a function is called an orbital. By takin the direct product of such an
orbital with a basis spinor, we obtain a spin-orbital:

szwmw=V?] 65)

0
x(x) =y(r) |p) = (3.6)
$(r)
Thus each orbital gives two linearly independent spin-orbitals.
Notice that if we are given two orbitals i; and ¢, that overlap in
space,

Wilg2) = [ 91(0)"4a(x) dr £ 0, 67

then the two spin-orbitals x1 = {1 |«) and x» = i, |B) are orthogonal
since

(x1lx2) = (¥1]92) (a|B) = 0. (38)

N-electron wavefunctions

The wavefunction of a collection of N electrons depends on all the
electron coordinates:

Ye(x1,x2,- -, xN). (3-9)

This is a very complicated object! If we were to know the wave-
function at, say, 5 points in space for all electrons, we would have
10N values (10 = 5 x 2 for space and spin). We would quickly
run out of pencil lead, paper, or time if we were to write down the
wavefunction of, say, a water molecule with N = 10 electrons.

The electrons are indistinguishable particles. They are in a fun-
damental manner identical. There is no physical property of two
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electrons that allows us to say which is which. Our physical theory
must reflect this. If not, then our physical theory allows us to de-
sign experiments that could distinguish the electrons! Recall that
the physical content of the wavefunction is probabilistic. That is,

P(xll' t /xN) = ’Tel(xlz' o ,.X'N)’2 (3'10)

is the probability density of locating the ensemble of N electrons
in the given configuration. This probability density must reflect the
indistinguishability of the particles. For example if we switch the
location of two particles i and j, the probability remains the same:

P(xl,...,xi,...,xj,... le'l"'lxN)'
(3.11)
Repeating such transpositions of particles lead to the fact that if we

permute particles, the probability density remains the same:

/xN) :P(xlr"' ,xj,...

P(x1, -+, xN) = P(xg(1), "+ s Xo(n))- (3.12)
Turning to the wavefunction, we see that we must have
‘Ijel(xlr T rxN) = C(O-)‘Fel(xv(l)/ T er(N))/ (3-13)
where ¢(0) is a complex with unit modulus, |c(c)| = 1. It turns

out, that the only possible values of ¢(c) are c¢(0) = 1 and c(0) =
(—1)/71, the sign of o. Microscopic particles can only have one or
the other. A particle type that has c¢(c) = 1 this have fotally symmet-
ric wavefunctions and are called bosons, while a particle type that has
c(a) = (1)l has totally antisymmetric wavefunctions and are called
fermions.

The conclusion is the following postulate, which is called the
Pauli principle: The N-electron wavefunction must be totally anti-
symmetric:

e (1, 2n) = (1) e (xp 1)+ Xo()- (3-14)

Hartree products

In quantum chemistry, we build N-electron wavefunctions from
single-electron wavefunctions. Let x;(x) be a collection of single-
electron wavefunctions. The simplest possible N-electron wavefunc-
tion we can concieve of is a Hartree product,

O (xp, -+, xn) = x1(x1)x2(x2) - an(xn)- (3-15)

The Hartree product was used by Douglas R. Hartree when he
concieved the Hartree method in 1927-1928, the forerunner of the
Hartree-Fock method. Of course, the Hartree product is not an-
tisymmetric, so it is not an admissible N-electron wavefunction.?
However, if we compute the probability density for the Hartree
product we obtain (with N = 2 for simplicity)

P(x1,x2) = Pi(x)Pa(x2), Pi(x) = [xi(x) % (3.16)

Recall that a permutation o € Sy is

a rearrangement of N items. Thus

0 is a function that takes a number
in{1,---,N} to a number (i) €
{1,--+, N}, such that no numbers are
repeated or left out.

Any permutation ¢ € Sy can be
written as a sequence of transpositions,
the number of which is denoted |o|.
This is even or odd, regardless of the
choice of sequence of transpositions.
Thus, any permutation has a well-
defined sign

(-1l

1In 1d or 2d, it turns out that there is
an intermediate case. Such “particles”
are called anyons. This was proven

by the Norwegian physicists Jon
Magne Leinaas and Jan Myrheim in
the 1970s. Anyons have, apparently,
been experimentally detected.

Douglas R. Hartree (1897-1958)
2 Electron spin was discovered in 1925,
and the Pauli principle was formulated
around the same time. However, the
Hartree method was the very first
quantitative numerical method for
electronic systems.
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This is the mathematical definition of the probability densities
of the random variables x; and x; being independent: The joint
probability distribution is a product of individual distributions.
We conclude, that ®F describes independent particles, even if the
wavefuncion is not admissible for electrons.

However, particles with a Hartree product wavefunction are in
general distinguishable. The marginal probabilities are

P(X1 |XZ anywhere) = /dX2P(x1,X2) = /dX2P1(X1)P2(X2)

= Pi(x1).

(3.17)

Similarly,
P(x; | x; anywhere) = Po(x7). (3.18)

Since these two functions are not necessarily the same, electrons
1 and 2 have different marginal probability densities, and are
hence possible to distinguish. If all the x;(x) are the same func-
tions will the marginal probabilities all be the same. This is possible
for bosons, but not for fermions.

We conclude that fermions are not truly independent particles
due to antisymmetry.

To correct for violation of antisymmetry for the N = 2 particle case,
we conssider the Slater determinant,

D (x1,x7) = \1@()(1(961)?(2(362) —x2(x1)x1(x2)). (3.19)

It is easy to verify that this function is antisymmetric. The general
N-electron Slater determinant is defined to be

1 xi(x1) - xi(xn)
q)SD(xll e ,.X'N) = . (3'20)

NXN(M) - xn(xw)

For a given choice of the positions, the Slater determinant is thus
the determinant of the matrix X with elements X;; = x;(x;).

Let us compute the probability density of the two electron deter-
minant:

P(x1, %) = 5 (P (1) Pa(x2) + Pa(xr) Py (32)
= Qu2(x1)Qu2(x2)" — Qu2(x1)" Qu2(x2)),
where Q12(x) = x1(x)*x2(x). This probability density is more

(3.21)

complicated than for the Hartree product. In particular it does not
describe x1 and xy as having independent probability densities! The elec-
trons are correlated due to the antisymmetry of the wavefunction.

This is called exchange correlation.3 3 Not to be confused with “exchange-
correlation potential” in density-

It is still customary to say that the Slater determinant is “uncor- .
functional theory!

related”, and that we have an “independent particle model”. This
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is because the Slater determinant is the least correlated N-electron
wavefunction we can think of, and that the electrons are as indepen-
dent as possible.

Two electrons, opposite spin

Let us consider two special cases. We begin with two spin-orbitals
of opposite spin:

P1(1) o), (3.22)
P2(r) B) - (323)

We place these in a 2-electron Slater determinant. Computing

x1(x)
x2(x)

marhonal probabilities, This gives:

Pi(r, @) = [1(1) P00, Pa(r,w) = [$2(1)]%00,1,  Qua(r,w) =0.
(3-24)
We now consider the marginal probability density of locating the
electrons in space, regardless of spin direction:

Pl m) = ¥ Plr,wrn,ws) = 5 (Pi(r)Pa(ra) + Pa(r)Py (12)),

w1,W3
(3-25)

where Pi(r) = ¥, Pi(r,w) = |¢;(r)|?.

The probability density for spatial location of the electrons is
now properly symmetric in the two coordinates. In particular it
is correlated — the particles are not independent. Moreover, the
marginal probabilities are seen to be the same for each electron 1
and 2:

1 1
P(I‘] | I anywhere) = /P(I‘l, 1'2) dry = EP] (1‘1) + EPQ(I‘]). (3.26)

Two electrons, collinear spins

The next example uses collinear spins:

x1(x) = ¢1(r) ), (3-27)

X2(x) = ¢o(r) |a) . (3.28)

Pi(r,w) = [$1(1)|*0w0,  Pa(r,w) = [92(1) 00, (3-29)
Qua(r, w) = P1(1)*P2(1)d00- (3:30)

We now consider the marginal probability density of locating the
electrons in space, regardless of spin direction:

P(r;, 1) = ) P(ry,wy,1p,ws)

= %(Pl(rl)PZ(Q) + Py (11) Py (r2)
— Qu2(r1)"Q2(r2) — Q2(11) Q12 (r2)), (3.31)
Where Q12(r) = ¢1(r)*¢2(r).

23
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We now observe, that if we set r{ = rp, we obtain

P(ry,11) =0, (3-32)

so antisymmetry forces the probabilty of two electrons occupying
both the same space and spin coordinates to vanish. This phe-
nomenon is called a Fermi hole. The Fermi hole did not appear for
opposite spins.

The Slater determinant is certainly the simplest N-electron wave-
function we can imagine that respects the Pauli principle. In order
to make a Slater determinant we need N single-electron wave-
functions 1 through xn. We assume these to be orthonormal,
(XplXq) = Opg. We write the Slater determinant as

IXix2- - xN) - (3:33)

Suppose now we have at our disposal in total K single-electron
functions x,. From this, we can make many Slater determinants:

|XP1XP2 o 'XPN> , 1<pi<K (3-34)

However, by antisymmetry of the determinant in Eq. (3.20), per-

muting the x,,s only gives a sign prefactor. Thus, the Slater de- For example, [x1x4)5) = — |Xax1X5)-

terminant shown is uniquely given by the set of indices {p; | i =
1,2,...,N}. To see this, considered first the case where the indices
p; are ordered:

p1<p2<-- <pn. (335)
Any permutation leads to an index set that represents the same de-
terminant. The ordered index set is clearly a selection of N elements
from {1,2,---,K}.
There are ( IIf]) possible selections of N elements out of a set of

K K!
(N) T NI(K- NI}’ (3:36)

size K:

Taking linear combinations

The determinants |xp, - - - Xpy) are orthonormal. This is an exercise
to show. Thus, we can use them as basis for a vector space, i.e., we can
consider an N-electron wavefunction on the form

1 K K K
|T > = Z Z e Z Cpy-pN |XP] o 'XPN> . (337)
p1=1py=1 pn—1

p1<p2<-<pN
This wavefunction is called the full configuration-interaction (FCI)
wavefunction. It lives in a Hilbert space of dimension ( Ilf,) We will
have more to say about the CI wavefunction later.
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Occupation number representation

Since the Slater determinant |x,, - - - Xpy) is given by a subset of the
K first integers, we can code the Slater determinant as a bit pattern
of length K, where bit number p is lit if p = p; for some i:

|X,U] e XPN> - |7’11712 e nK> ’ np - Zép,pi. (338)
i

For example, with K = 8§,

|x1x2) = [11000000) . (3-39)
|X1xs) = [10000001). (3.40)
|x1x5x8) = [10001001) . (3.41)

The numbers n,, are called occupation numbers. Note, however, that
permutation of the xs do not make sense using occupation num-
bers. This is because we are directly encoding the set of indices, and
not the individual indices with ordering! Thus, for example,

Ix2x1) = — [x1x2) = — [11000000) . (3.42)

As a final comment, note that the occupation number formalism
does not care about the number of total electrons — the same nota-
tion is valid for any number N of electrons. In particular it makes
sense to insist that two slater determinants in occupation number
formalism are orthogonal if they have differing number of elec-
trons. There is a special determinant called the vacuum where there
are no electrons:

|—) = [00000...) (3-43)

This construction, of Slater determinants with arbitrary number of
electrons, includig zero, is called Fock space.

The Hartree—Fock ansatz

The idea of the Hartree—Fock method is to consider a single Slater
determinant with single-electron wavefunctions x;, i = 1,2,...,N,
and treeat these as unknowns. By minimizing the Hartree—Fock
energy with respect to all the x;, an estimate for the ground-state
wavefunction is obtained.

We now describe the General Hartree—-Fock method, where the
single-electron functions are completely general.

Recall that our goal is to solve the N-electron Schodinger equa-
tion in the clamped-nuclei approximation:

Hel wjel> = Eq |lpe1> . (3-44)

We now take the approximation

) ~ [¥5P) =[x an), (xilxg) = di- (3-45)

25
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We require the energy expectation to be minimal:

(¥5P|Hal| ¥P)

Eyr = [¥SD[¥DY = min!. (3.46)
Recall that the electronic Hamiltonian is
H T el + Vnuc-el + Vel-el
1

I
M

V2+2Vnuc SEDpP e
i=1j=i+1 |r17r]‘ (3-47)

I
Mz

. N
i)+ Y
1 i=1j=i+1

The operator h is a one-electron operator,

h= ;VZ + Ve (). (3.48)
and h(i) indicates that it is acting on the coordinates of electron i.
Similarly, @ is a two-electron operator.
That the energy is a minimum requires the Hartree—Fock equations
to be fulfiled:
Flxi) =eilxi) - (3.49)
Here, f is the Fock operator given by

Fehg o
- (3.50)
= TVZ + Viue (1) + Vi (r) — Vexchange-
Here, the Hartree potential is
I.l

Vi (r) = /dr’|f(_ r),|, (3.51)

where the electron density is

- 2
p(r) =) 3 Ixj(rw)l?, (3-52)
w

and the exchange potential is a nonlocal potential operator defined by
its action on a spatial orbital ¢(r) as

[ exchangeq) r, (/J /dr ZZ

=1’

(', " )xj(r, ')

v xj(r,w). (3.53)
While complicated-looking, these definitions can be interpreted.
The Hartree potential appears already in the Hartree method
(where we minimize the energy of the Hartree product as opposed
to the Slater determinant)W, and is the electrostatic potential at
point r in space due to the charge density p(r’). This is the charge
density obtained by assuming that the electrons independently set
up a charge density Y, [xj(r, w) |?
the individual electrons” density.

. The total density is the sum of

However, we know that the electrons are indistinguishable. They
do not have individuality, and therefore we have to antisymmetrize

4One can define the density matrix
!/ N !
) =YY xi(m )y, w)
j=1w

. The density is then p(r) = 7(r,1),
and the exchange potential can also be
written in terms of 7.
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the Hartree product into a Slater determinant. This leads to the
exchange potential, which does not have a simple classical interpreta-
tion. It is due to bona fide quantum effects in the electron system.
From the definition (3.53) we can see that the operator is non-local,
smearing ¢ (r, w) out in space via the integral.

Later in the course, we will derive the Hartree-Fock equations
using calculus of variations.

Restricted, urestricted, and general HF

We have outlined General Hartree—Fock (GHF), where the Slater
determinant was composed of general single-electron fucntions x;(x).

In Restricted Hartree—Fock (RHF), we instead do the following: We
assume that the number of electrons is 2N, an even number. We
then let 1;(r) be N unknown spatial orbitals, and let

Xoj-1=Yila), Xxoj = 1B)- (3.54)

To compactly denote such a Slater determinant, we write

X1 Xan) = [1P1gatha - - - YNPN) - (3.55)

Thus, the bars denote B-spin, and no bar denotes a-spin.
In Unrestricted Hartree—Fock (UHF) we release the spatial orbitals
for & and B-spins. Thus we have 2N spatial orbitals ¢} and tpl’.g :

- xan) = WPyl - plpPy) (3.56)

Thus, in RHF we restrict the spatial orbitals to be identical, while in
UHEF they can be different.
In RHE, the electron density becomes

N
p(r) =2Y [y;(r)]*. (3.57)
=1

In UHF, the electron density has two parts, coming from the & and
B spins, respectively

p(x) = p"(x) + pF ()

N N =8
- LI @R+ 1 Iy o) 659
= =

H> in a minimal basis

As a very simple example of RHE, we can consider the H, molecule
in a “minimal basis”. Read about this in SO.

The main idea illustrates the LCAO ansatz for Hartree—Fock,
where we are given a set of K atomic orbitals (AOs), and write the
Hartree—Fock solution (molecular orbital, MO) as a linear combina-
tion:

K
Pi(r) = Zlﬁby(r)cm- (3-59)
fn

What is the difference between UHF
and GHF?

27
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The unknowns become the elements of the MO coefficient matrix

C = [Cuil-
Denote the atoms A and B, located at —R/2 and +R/2, respec-
tively, totaling an internuclear distance R = |R|. The orientation

of R does not matter; let R = Re, = (R,0, O)T for simplicity and
concreteness.

Each H atom is assigned a single AO, an 1s function ¢4 and ¢p,
respectively:

¢a(r) = ¢(r—R/2), ¢p(r) = ¢(r+R/2). (3.60)

Since we have 2 electrons, we have N = 1 in RHF, and seek a single
MO #(r), doubly occupied in the Slater determinant

¥R = l9g) . (3.61)
This MO is
P(r) = caga(r) + cip(r). (3.62)
Since Hj has inversion symmetry> we know that the MO of this 5 The molecule is inversion symmetric

about the origin if the nuclei are

’ . permuted (and not changing type) by
cisely when c4 = cp or cy4 = —cp. The first case has the lowest the map Ry — —R, for all nuclei A.

system must be an eigenfunction of inversion. This happens pre-

energy due to not having nodes.
The size of c4 is given by normalization of :

(lg) = (capa + codplcapa + copp) = lcal*(2+2(Palpp)) =1,
(3.63)
where we assumed that ¢4 was a real function.

In conclusion, we could solve the RHF problem for the hydrogen
molecule in a minimal basis by appealing to symmetry alone.
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Exercise 1: Spin operators for a single electron (spin-1/2)
Use the standard spin basis {|«),|B) }, defined by

Sl =D,  SIB=-218).

The Pauli matrices are

0 1 0 —i 1 0
Oy = , Oy = , 0z = ’
T \1 0 Y i 0 7 \o -1

and the spin operators are

A h A
Sx - EU’x, Sy

Define raising/lowering operators

A

Si =S, =+iS,.
A general normalized spinor is written as

) = uala) +uplB),  |ual®+|ugl =1.

Problem 1: Operators in the {|a),|B)} basis

In this course we treat spin as a quantum degree of freedom: states
are vectors and measurable quantities are operators. The Pauli
matrices provide a convenient representation of the spin operators
for a single electron in the |«), |B) basis.

1. Write the explicit 2 x 2 matrices for Sy, §y, S,.

2. Construct S+ and S_ as matrices, and simplify them.

Problem 2: Action on basis states

Let us see what spin does to basis kets. In particular, S, and §y
mix |a) and |B), while the ladder operators 5+ move between S,
eigenstates.

1. Compute Sy [a), Sx [B), Sy ), Sy |B).

2. Verify the ladder relations:

S.1B)=hla), Sile)=0, S_|o)=h|p), S_|B)=0.

Problem 3: Commutation relations

Spin is a form of quantum mechanical angular momentum with no
classical counterpart. In quantum mechanics, different components
of angular momentum operators cannot, in general, be simultane-
ously determined with certainty. This appears mathematically as
nonzero commutators.
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1. Using matrix multiplication, evaluate [Sy, S,], [Sy, S;], and
2, S4].

2. Show that

[SAI‘, g]] =1ih gijkék-

3. Show that [éz,gi] = +hS, and [SAJF,SA,] = 2hS,.

Problem 4: The total spin operator 5>

The operator §? corresponds to the total spin angular momentum
(its magnitude). For an electron the total spin quantum number is
fixedtos = % This problem shows how that emerges from the
operator definitions.

Define 52 = 52 + §§ + 82

1. Compute $? explicitly as a 2 x 2 matrix.
2. Apply 5% to |a) and |B), and find the eigenvalue.

3. Compare your result to s(s + 1) and identify s.

Problem 5: Expectation values for a general spinor

Even though a measurement of S, yields only +7/2, a general state
) can have nonzero expectation values (Sy), (S,), and (S:). These
expectation values behave like components of a 3D vector and are
often visualized on something called the Bloch sphere.

Let [¢p) = ug |a) + ug |B) with ug|? + [ug|? = 1.

1. Derive formulas for (S;), (S), (S:) in terms of u, and ug.

2. Show that
1{S)II <

N St

and determine the condition(s) on u., ug for equality.

3. Any normalized spinor has two real degrees of freedom, because
normalization of ) removes one degree of freedom and an
overall global phase ¢/7 multiplying |¢) does not change mea-
surement probabilities. A standard representation of the remain-
ing two degrees of freedom is

U, = cos(0/2), ug = P sin(6/2),

where 0 < 6 < mand 0 < ¢ < 27. Here 6 controls the relative
weights of |«) and |B), while ¢ is their relative phase. Using

this parameterization, express (S) in terms of 6, ¢, and interpret
(6, ¢) as spherical angles for the direction of (S). Here you are
encouraged to make a sketch. (This exercise point may be a little
tough. We will see!)
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Problem 6: Eigenstates of Sy and S,

The basis |a), |B) is special because it diagonalizes S.. States with
definite spin along x or y are different superpositions of |«) and
|B). This problem connects “measuring along a different axis” to
“changing basis.”

1. Find normalized eigenstates of Sy and write them as linear com-
binations of |«) and |B).

2. Do the same for §y.

3. For the §, eigenstate with eigenvalue +7/2, compute the proba-
bilities of measuring S, = 4+#/2.

4. Write the original basis of S, eigenstates in terms of the S, eigen-
states and the §y eigenstates.

Optional: Rotation about the z-axis

In quantum mechanics, rotations are “generated” by angular mo-
mentum operators. For spin-1/2, §, generates rotations about the
z-axis. The unitary operator

U.(p) = eXp<—;l¢§z)

means “rotate the spin state by angle ¢ around the z-axis.” Because
la) and |B) are eigenstates of S, they acquire simple phase factors
under this rotation.

1. Apply U,(¢) to |¢) = uy |a) + ug |B). Show explicitly that each
component acquires a phase, and identify those phases.

2. Explain why this rotation changes the relative phase between
the & and B components (even though a global phase would not
matter).

3. Connect to Problem 5(3): show that changing the relative phase
corresponds to changing the angle ¢ while keeping 0 fixed (i.e., a
rotation around the z-axis on the Bloch sphere).

Exercise 2: One-electron spinor wavefunctions and spin expectation val-

ues

In this exercise you will work with a general one-electron (two-
component) spinor wavefunction written as

Xa(r)

, w e {a, B}, x=(rw).
xp(r)

x(x) = x(rw) = l

Here x,(r) and xp(r) are complex-valued spatial functions (spin
components).

31
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The inner product between two 1-electrons wavefunctions is

(cl) = [ dx x(x)'n (),

where the integral is short for

/dx:;/dr,

which is mathematically well defined, but its proper definition is
beyond the scope of our course.
Spin operators act on the spin index only. See Exercise 1.

Problem 1: From x(x) to component form

In quantum chemistry we usually separate the spatial coordinate
r from the spin coordinate w. A two-component spinor yx is just
a compact way to store the two spatial functions associated with
w=wrand w = B.

1. Show that the inner product of two spinors x and 7 can be writ-
ten as

el = [ (e + (e ) ) .
2. Write explicitly what x(r,a) and x(r, f) mean in terms of x,(r)
and xp(r).

3. Suppose xg(r) = 0 everywhere. What spin state does x corre-
spond to? What if x,(r) = 0 everywhere?

Problem 2: Probability of measuring ms; = £h /2

Even when the spinor depends on r, a Stern—-Gerlach type experi-
ment/measurement of S, still yields only +7/2. The spatial depen-
dence affects the probabilities through the norms of the components.

1. Show that the probability of measuring +7/2 (i.e. finding w = «)
is

P = [ (P,
and similarly

Ps = / g (1) dr.

2. Use normalization to show that P, + Pg=1

3. Interpret P, and Pg in the special case where xa(r) = us¢(r) and
Xp(r) = ugep(r) with a normalized spatial orbital ¢.

Problem 3: Expectation values of Sy, §y, S,

In Exercise 1 you computed ($;) for a constant spinor (i, uﬂ)T.
Here the “coefficients” are functions of r, so expectation values
become integrals. The cross terms x; () x4(r) encode the relative
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phase and overlap of the two components. Recall that the expectation
value of an operator A is

~

(A) = (x|Alx).

1. Starting from (S,) = (x|S.|x), show that

<§z> = g/ <|Xa(1')|2 — |X5(1‘)‘2) dr.

2. Show that

~

() = 1 [ (a0xp(e) + xp(0xe(n)) dr = Re [ xi(e)gp(r) .
3. Show that
() = 2 [ (= ixatexp(e) +ixp(e(e)) de = i m [ 23 (e)xp(e) .

4. Define
p(r) = lxa(n) |+ [xp ().
Explain why p(r) is the probability density for finding the elec-

tron at position r (regardless of spin).
Problem 4: The local spin polarization and magnetization density

In quantum chemistry (and especially density-functional theory) it
is common to describe spin information in terms of densities in real
space. For a single electron spinor, the difference between a and
densities measures the spin polarization along z at each point.

1. Define the spin-resolved densities

pu(1) = [xa(mP, pp(r) = |xp(r) %
Show that [ p,(r)dr = Py and [ pg(r) dr = Pg.

2. Define the z-spin density

Show that ['s.(r)dr = (S).

3. The transverse components sy(r) and s, (r) involve x; (r)xs(r).
Explain in words what additional information these components
contain that p, and pg alone do not.

Problem 5: S and when a spinor is a pure « or B state

For one electron, $? always has eigenvalue %hZ on any spin state.
However, a general spinor may or may not be an eigenfunction of
S.. This problem clarifies the difference between “having a definite
$2” (which is automatic for one electron) and “having a definite S,”
(which depends on the form of y).
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1. Show that (5%) = (x|S%x) = %hz for any normalized one-
electron spinor x.

2. Give a condition on x.(r) and xg(r) such that y is an eigenfunc-
tion of S,. What are the possible eigenvalues?

3. Suppose xq(r) and x4(r) are both nonzero. Explain why mea-
suring S, yields +7:/2 probabilistically, and relate the probabili-
ties to Problem 2.

Problem 6: Spinors built from a spatial orbital and a “global” spinor

A common special case is that both spin components share the
same spatial shape, differing only by constant complex coefficients.
Then the spin physics reduces to Exercise 1, and the spatial orbital
acts only as a spectator (provided it is normalized).

Assume

Xalr) =ua @(r),  xp(r) = ug (),
where [ |p(r)[?dr = 1 and |us|? + |ug]> = 1.
1. Show that x is normalized.

2. Show that the expectation values (Sy), (S,), (S-) reduce to the
Exercise 1 formulas with (uy, up).

3. Parameterize u, = cos(6/2) and ug = ¥ sin(6/2) and interpret
the resulting (S) in terms of (6, ¢).
Optional: Rotation about the z-axis for spatially dependent spinors

A rotation about z changes the relative phase between the « and j
components. When x,(r) and x4(r) depend on r, the rotation still
acts only on the spin index and therefore multiplies each compo-
nent by a phase factor, independent of r.

1. Apply
N i 4
U:(¢) = eXP<_h(PSZ>
to x and show that

Xa(r) = e P20 (x),  xp(r) = e xp ).

2. Show that P, and Pg (Problem 2) are unchanged by this rotation.

3. Show that (S.) is unchanged but that (Sx) and (S,) generally
change. (You may use your expressions from Problem 3.)
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Exercise 3: Slater determinants

In this exercise you will work with antisymmetric N-electron
wavefunctions built from one-electron spin-orbitals x;(x), where
x = (r,w) and w € {a, B}. Recall that electrons are fermions, so
the physical N-electron wavefunction must be antisymmetric under
exchange of any two electron coordinates x; <+ x;.

The N-electron Slater determinant is defined as

. xi(x1) - xi(xn)
q)SD(xl,...,XN): ’

NXN(xl) - xn(xN)

i.e. the determinant of the matrix X with elements X;; = x;(x;),
multiplied by 1/+/N!.
For the case N = 2,

P (x1,x7) = \2(?(1(3(1)?(2(3(2) — x2(x1)x1(x2)).

Problem 1: Antisymmetry and basic determinant properties

A determinant changes sign when two columns are exchanged.
This is exactly the mathematical mechanism that enforces fermionic
antisymmetry.

1. Show explicitly that the two-electron Slater determinant satisfies

O (xp, 1) = —DP (21, x2).

2. Consider the general N-electron determinant. Explain (briefly)
why swapping two electron coordinates x; <> x; changes the sign
of &P,

3. Show that if two spin-orbitals are identical (e.g. x, = x4 for
p # q), then ®P(x,...,xy) = 0 forall (xq,...,xy). Interpret
this result in words.

Problem 2: Normalization and orthonormal spin-orbitals

Context. In practical quantum chemistry, Slater determinants are
built from an orthonormal set of spin-orbitals,

(xilxj) = /dXXi(X)*Xj(x> = jj.

With orthonormal spin-orbitals, the prefactor 1/+/N! ensures that
the determinant is normalized.

1. For N = 2, assume (x1|x1) = (x2|x2) = 1 and (x1|x2) = 0. Show
that (®5P|@SP) = 1.

2. State (no proof required) what changes if the spin-orbitals are
not orthonormal. What object replaces 1 as the normalization
factor?

35
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Problem 3: Two-electron probability density and exchange correlation

A Hartree product x1(x1)x2(x2) leads to an independent-particle
probability density P(x1,xp) = Pj(x1)P2(x2). A Slater determinant
is still considered the “least correlated” fermionic wavefunction, but
antisymmetry introduces exchange correlation through interference
(cross) terms.

Define, for N = 2,

2 P = P Qu) = xn(x) xa(x).

1. Starting from ®5P(xy, x,), show that

P(x1,x7) = | @ (x1, x2)

P(x1,x2) = %(Pl(xl)PZ(xZ) + P2(x1)Pr(x2) — Q12(x1)Q12(x2)* — Q12(x1)*Q12(x2))-

2. Compare this with the Hartree-product probability density and
explain (in 2—4 sentences) why the determinant does not describe
independent particles.

Problem 4: Two electrons, opposite spin

Context. A common special case is that the two electrons have
opposite spin. Then the spin labels make the cross term Qq»(x)
vanish, and exchange effects in the spatial probability density disap-
pear.

Let

xix) =) la),  xo(x) = $a(r) |B),
and let ®°P be the corresponding two-electron Slater determinant.

1. Show that Qq5(r,w) = 0 for all (r, w).

2. Define the spatial (spin-summed) probability density

P(r,12) = Y P(ry,wi;rp,wy).

w1,

Show that
Ple1,r2) = o (11 (D) Plpa(e2) P+ [2(r0) Pl () ).
3. Compute the one-electron marginal (spatial) probability density
P(r; | rp anywhere) = /P(rl,rz) dr,

and show that it is the same for “electron 1” and “electron 2”.
Interpret this in words.

Problem 5: Two electrons, collinear spins and the Fermi hole

If both electrons have the same spin (e.g. both &), the cross term
is generally nonzero and produces a Fermi hole: the probability of
finding two equal-spin electrons at the same point in space van-
ishes.

Let

x1(x) =i(r) |a),  xa(x) = ¢a(r) |a) .
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1. Show that Qq2(r, w) = 1 (r)*P2(r) b a-

2. Show that the spatial (spin-summed) probability density can be
written as

—_

P(r, 1) = 5 (Pl(rl)Pz(rz) + P2 (r1) P1(12) — Q12(r1)*Q12(12) — Q1z(r1)Q1z(r2)*),

N

where P;(r) = [;(r)|?> and Qq2(x) = 1 (x)* 92 (x).

3. Setr; = r; and show that P(r;, r;) = 0. Explain why this is
called a Fermi hole.

Problem 6: A link to expectation values

In quantum chemistry, expectation values are computed from

¥*OY integrated over all electron coordinates. For spin-independent
operators (depending only on r), antisymmetry still affects the
probability density and therefore the expectation value.

1. Let A = 4(1) + 4(2) where 4(i) depends only on r; (no spin
dependence). Write the expectation value

(A) = /dxl /dxz CIJSD(xl,xz)*ACDSD(xl,xZ).

2. (Qualitative.) Using Problems 4 and 5, explain why same-spin
and opposite-spin electron pairs can lead to different spatial
correlation patterns even when the Hamiltonian contains no

explicit spin dependence.
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Exercise 4: Counting Slater determinants from an AO basis

Assume a set of K spatial atomic orbitals (AOs) {¢, (r)}ﬁzl. From
each spatial AO we form two spin-orbitals (spin-AOs)

Xpa (%) = Pu(e) [@), xup(x) = Ppu(x) [B),

where x = (r,w) and w € {a, B}.

Thus the AO basis generates M = 2K spin-orbitals in total. An
N-electron Slater determinant is specified by choosing N distinct
spin-orbitals from these M and antisymmetrizing.

Problem 1: How many determinants are possible?

Context. In configuration interaction (CI) and many other wave-
function methods, the size of the determinant expansion is set by
how many distinct Slater determinants can be formed from a given
one-electron basis. This is the main source of the “combinatorial
explosion”.

1. Show that the number of distinct N-electron Slater determinants
that can be formed from M = 2K spin-orbitals is

#Det(N, M) — (]I\j)

2. Evaluate (215) for the following cases:
(a) K=5N=2.
(b) K=5,N = 6.
(©) K =10, N = 10.

3. Explain briefly why (ZI\I,<) grows very rapidly with K and N.

Problem 2: Counting determinants at fixed Ny and Ng

In many calculations we restrict to a fixed number of « and B elec-
trons:
Ny + Ng = N.

This corresponds to working in a fixed Mg sector, where

1
Ms = 5 (Na — Npg)
is the total z projection of the electron spin. Counting determinants
in a fixed (Ng, Ng) sector is often much smaller than counting all

determinants.

1. Show that the number of determinants with exactly N, a-spin
electrons and Ng B-spin electrons is

#Det(N,, Nj; K) = (If]() (;;)
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2. By a theorem in combinatorics, the sum over all possible (Ny, Np)
with Ny + N = N recovers (2]\1,<)

i K K \ [2K

Na:O Na N - Ng( - N '
Verify this identity for K = 4 and N = 3, by computing the LHS
and RHS independently.

3. For K = 6 and N = 6, compute the number of determinants in
the sectors:
(N, Nﬂ) = (3,3), (4,2), (5,1).

Problem 3: Closed-shell vs. open-shell counting

A “closed-shell” electron count corresponds (in a spin-restricted
picture) to Ny = Ng = N/2 (so N even). An “open-shell” case
has Ny # Ng. This problem asks you to compare the sizes of the
corresponding determinant spaces.

1. Assume N is even. Find the number of determinants in the
closed-shell sector.

2. Consider the neighboring open-shell sector (N, Ng) = (N/2 +
1,N/2 —1). Write down the the number of determinants in that
sector.

3. For K = 8 and N = 8, compute the actual number of determi-
nants in each of the sectors.

Problem 4: Counting determinants relative to a reference (excitations)

In CI, determinants are often organized by “excitations” relative to
a chosen reference determinant (often Hartree—Fock). This provides
a structured way to build truncated CI spaces such as CIS (singles)
and CISD (singles and doubles).

Assume a reference determinant with N electrons built from M
spin-orbitals. Let N spin-orbitals be occupied in the reference and
M — N be unoccupied (virtual).

1. Show that the number of single excitations (CIS determinants)
relative to the reference is

Nsingles = N(M - N)

2. Show that the number of double excitations (CID determinants)
relative to the reference is

N\ /M—-N
Ndoubles = (2> ( 2 )

3. Specialize to an AO-based count by taking M = 2K. For K =7
and N = 6, compute Niingles and Nyouples-
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Problem 5: Spin-resolved excitation counting (fixed Ny, Ng)

If you work in a fixed (N, Nﬁ) sector, then excitations must pre-
serve the number of & and  electrons. This changes the counting
relative to Problem 4.

Assume the reference determinant has N, occupied « spin-
orbitals and Np occupied f spin-orbitals. There are K — N, virtual a
spin-orbitals and K — Np virtual § spin-orbitals.

1. Show that the number of spin-conserving single excitations is

NS — Ny (K — Na) + Np(K — Np).

singles

2. Show that the number of spin-conserving double excitations can
be split into aa, BB, and af types:

v = () (727) () (27) (1) (M) () (L

3. For K = 6 and (N, Ng) = (3,3), compute NP and N*/P)

singles doubles*

)
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Exercise 5: Minimal-basis RHF (restricted Hartree—Fock)

In this exercise you will set up the restricted Hartree-Fock (RHF)
model in a minimal AO basis. We use x = (r,w) with w € {a, B}. A
spatial AO basis is {¢;(r) }I;f:l, and the corresponding spin-orbitals
are

Xyzx(x) = (,DH(I‘) o), Xyﬁ(x) = (Pﬂ(r) ‘ﬁ> .

In RHF for a closed-shell system with N electrons (N even), we use
N /2 spatial molecular orbitals (MOs)

K
$i(r) = ) Cuigpu(r),
u=1

and occupy each ip; with two electrons of opposite spin:

Xin(¥) = ¥i(x) [}, xip(x) = i(r) |B).

The RHF wavefunction is a Slater determinant of the N occupied
spin-orbitals.
Define the one-electron integrals (in the AO basis)

b= [0 gt e, S = [ (e dr,

and the two-electron (Coulomb) integrals

(o) = [ [ Lm0 )0 () 52

12

drq dry.

(You may assume all basis functions are real.)

Problem 1: Closed-shell Slater determinant in RHF

RHEF is the simplest multi-electron model that (i) enforces anti-
symmetry via a Slater determinant, and (ii) enforces a closed-shell
pairing of spins: each spatial orbital is doubly occupied.

Consider a two-electron closed-shell system (N = 2) with one
spatial MO #(r).

1. Write the two occupied spin-orbitals x,(x) and xg(x) in terms of

¢(r) and [a), |B)-

2. Write the N = 2 Slater determinant ®RHF(x1, x;) explicitly (as a
2 x 2 determinant and as an expanded expression).

3. Show that the spin-summed spatial probability density

2
P(ry,1p) = Z ]CPRHF(erl}rz,wz)’
w1,W

reduces to
P(r,12) = [p(r1) [ (r2) .

(Interpret this result: what happened to the exchange term and
why?)

41
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Problem 2: Minimal basis MO expansion and normalization

In a minimal AO basis, each occupied MO is expanded in a small
number of AOs. Because AOs are generally not orthonormal, nor-
malization involves the overlap matrix S.

Assume a minimal basis with K = 2 AOs, {¢1,¢»}, and one
spatial MO

P(r) = C1¢1(x) + Cogpa(x).

1. Derive the normalization condition [ |¢(r)[>dr = 1 in terms of
C1, Gy and the overlaps S11, S22, S12.

2. In matrix form, show that the normalization is CT'S C = 1 where
C=(C,)n.

3. If the AOs are individually normalized (S11 = S = 1), express
the normalization condition using only Cy, Cy, S15.

Problem 3: One-electron expectation values in an AO basis

Many important quantities can be written as expectation values
of one-electron operators. In an AO basis, these become quadratic
forms involving the coefficient vector and the integral matrices.

Let 4 be a one-electron operator acting only on r (spin-independent).

Define a,y = [ ¢, (x)a ¢y (r) dr.

1. Show that for ¢(r) = L, Cu¢py (1),

<‘P|‘j|4’> = ZCyCV Auy-
Hv

2. Write this in matrix form as (y|a|y) = CTAC.

3. Specialize to @ = /i and write (¢|h|¢) in terms of Ry

Problem 4: RHF energy expression (symbolic, minimal basis)

The RHF energy can be written in terms of one-electron and two-
electron integrals and the occupied MOs. We focus on setting up
the correct expressions, keeping integrals symbolic.

Consider a two-electron closed-shell system (N = 2) with one
doubly occupied spatial MO 1.

1. Define the Coulomb and exchange self-interaction quantities (in
AO notation) for ¢:

[ = //WW&’H i, K= // lP(rl)lP(rzr)lllzJ(rl)lP(m) dry dr,

and explain briefly why | = K for the same spatial orbital (real
¥)-

2. Show that the RHF electronic energy (excluding nuclear repul-

sion) can be written as

Erur = 2 (Y|ly) + (2] — K).



LECTURE 3: ELECTRON WAVEFUNCTIONS AND HARTREE-FOCK 43

3. Using ¢(r) = L, Cu¢y(r), express (¢|h|y) and ] in terms of
Cy, hyy, and (uv|Ac). (Leave your final answer as sums over AO
indices.)

Problem 5: The RHF density matrix in an AO basis

In practical Hartree-Fock implementations, all occupied orbitals are
summarized by the (closed-shell) density matrix. This is the bridge
from “orbital coefficients” to compact expressions for energies and
Fock matrices.

For a closed-shell system with 1, = N /2 occupied spatial MOs

and AO coefficients C,;, define the AO density matrix

yi/
Nocc
Py =2 CuCyi.
i=1
1. For the two-electron case (11occ = 1), show that P, = 2C,,C,.

2. Show that the one-electron energy contribution can be written as

ED =Y Py
13%

3. Explain why the factor of 2 appears in Py, for RHF.
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In this exercise you will use the occupation number representation as
an alternative way of writing Slater determinants built from a fixed
list of spin-orbitals {)(p(x)}ﬁil, where x = (r,w) and w € {a, B}.
An N-electron Slater determinant is uniquely specified by which
spin-orbitals are occupied.

We write an occupation number state as

|nyng -+ np), ny € {0,1},

where 1, = 1 means that spin-orbital p is occupied and n, = 0
means it is unoccupied. The electron number is

M
N = Z np.
p=1
The vacuum (no-electron) state is

0) = [00---0).

Problem 1: Determinants as occupation number vectors

A Slater determinant is determined by the set of occupied spin-
orbitals. The occupation number vector is a compact, order-independent
label for this set.

1. Consider M = 8 spin-orbitals labeled p = 1,...,8. Write the
occupation number vector corresponding to the determinant
with occupied orbitals {1,3,4, 8}.

2. For the same M = 8, interpret the occupation number state
|01011001) in terms of which spin-orbitals are occupied and the
value of N.

3. Explain briefly why {1,3,4,8} and {8,4,3,1} represent the same
occupation number vector, even though permuting columns of a
determinant can change its sign.

Problem 2: Closed-shell and Mg sectors in occupation number language

If the spin-orbitals are ordered so that all a spin-orbitals come first

and all B spin-orbitals come last, then an occupation number vector

immediately tells you how many « and B electrons you have.
Assume spin-orbitals are ordered as

(4)10é,. <o Pra, 4)1ﬁ,. . .,([JKﬁ),
so M = 2K.

1. For K = 4 (so M = 8), write an occupation number vector for a
closed-shell determinant with N = 6 electrons (Ny = Ng = 3).
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2. For your state in (1), compute Ny, Ng, and

1
Ms = 3 (Ni = Np).

3. Give one example of an open-shell determinant with N = 6 but
Mg =1 in the same ordering.

Problem 3: Introducing creation operators as a way to build determi-
nants

The occupation number notation is a static label. Creation operators
provide a systematic way to construct occupation number states
starting from the vacuum. This is the first step toward the operator-
based (second-quantized) formalism.

Define the creation operator [z;r, by its action on occupation num-

ber states:
-1

):Pi ng
. (_1) g=1 ‘nl...l...nM>, np:O’
ap|n1...np...nM> =
0, ny, =1.
(The sign factor will be motivated in Problem 5.)
1. Starting from |0) = [000000) (M = 6), compute

aflo), ;o).

2. Compute
afal|0)  and  afal|o).
Write each result as an occupation number vector (including any
sign).

3. Which occupation number state corresponds to “occupy orbitals
1 and 4”? Explain why both operator orders produce the same
occupation pattern but may differ by a sign.

Problem 4: Introducing annihilation operators as a way to remove elec-
trons

Annihilation operators remove electrons from occupied spin-
orbitals. Together with creation operators, they allow you to move
between determinants by “removing” and “adding” electrons in
specified orbitals.

Define the annihilation operator 4, by its action:

p—1
A (_1)):,7:1”!1‘711...0...”1\4)/ npzl,
ap|n1.--np...nM> =
0, n, =0.

1. Let |®) = [101100) (M = 6). Compute 41 |P) and 4 |P).
2. Compute 44 |®) and 45 |P). Interpret the zeros.

3. Starting from |®), apply an annihilation operator and then a
creation operator to “move” an electron: compute 41d; |®) and
interpret the resulting occupation pattern.
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Problem 5: Why the sign factor? (link to antisymmetry of Slater deter-
minants)

Occupation number vectors do not track the sign of a determi-
nant under permutation. The sign factor in d;r, and 4, ensures that
operator-built states reproduce the correct antisymmetry properties
of Slater determinants.

1. Consider the two-electron determinant built from spin-orbitals
i < j. In occupation-number language it is the state with n; =
n; =1 and all other n, = 0. Show (using Problem 3.2) that

At At At At

2. Explain (briefly) why this sign change is consistent with swap-
ping two columns in a 2 X 2 Slater determinant.

3. State (no proof required) the key rule that follows: creation
operators anticommute,

Problem 6: Number operator

Once creation and annihilation operators are defined, you can build
simple operators that measure occupancy. This provides a quick

check that the formalism matches the meaning of 7.

+

Define 71, = ayip.

1. Evaluate 1y [nq - - - npy) for the cases n, =0 and n, = 1.

2. Show that N = 224:1 fip returns the electron number N when
acting on |nq - - - nyy).



Lecture 4: Configuration—Interaction
method

Recap, CI Hilbert space

Recall the definition of configuration-interaction (CI) wavefunctions,
on page 24. We assume that an orthonormal set of single-electron
functions x, is given, allowing a space of CI functions of dimension
( II\<,) The basis functions are the Slater determinants

IP) = |Xp, - Xpn)r P1<P2<--<PpPN,

where P = (py,-- -, pN) denotes the ordered index set. A general CI
wavefunction is of the form

) = ;cp P). (4-1)

In CI theory this is our Hilbert space. In order to solve the Schrodinger
equation, we need to formulate how operatrors act on CI functions.

The ordering is important to have a basis for the CI Hilbert
space: If we rearrange the single-particle inddices from |P) to |P’)
using a permutation, |P’') = + |P) and hence not linearly independent
and not an independent basis functions. Recall that operators are
given by their action on a basis.

However, it is often useful to disregard the ordering of |P’), and
instead re-introduce the ordering by a proper permutation sign “a
little later”. For example, when computing the action of an operator
on |P), the result is most easily expressed in terms of unordered
determinants.

The electronic Schrodinger equation in CI space

Our goal is to solve the electronic Schrodinger equation,

Hly) = Elp),

where we now dropped the subscript “el” for brevity. We will ap-
proximate the exact wavefunction with a CI wavefunction,

[$) = [9") + [error), (4-2)
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where the error is orthogonal to CI space, i.e., (P|error) = 0 for all
P. The error is there, since our single-particle basis is not complete.
In particular, multiplying the wavefunction by the Coulomb poten-
tial results in a function that is likely not on CI form, taking us “out
of CI space.”

We now project our Schrodinger equation onto a CI basis vector.
This is the same as appealing to the variational principle. We obtain

Z<P‘H‘Q> Cq = ECp, (4-3)
Q

where we used that the error is orthogonal to all Slater determi-
nants in the CI basis. Since the basis was not complete, the eigen-
value will no longer be exact, and we denote it by EXI. This is a
matrix eigenvalue problem

HC = E“C, (4-4)

where C is the coefficient vector in the CI wavefunction, see Eq. (4.1),
and where H is the matrix of H in the Slater determinant basis,

Hph = (PIH|Q). (4-5)

The matrix eigenvalue problem (4.4) can also be written as

A = [yC1) = ES [y ), 46)
where
A =3 |P) (PIAIQ) (Ql (47)
PQ
is the operator version of the CI matrix. Are the operators H! and H the

We stress that in these sums, the sum is over a basis, i.e., ordered same? Why? Why not?

N-tuples of indices.
A major task in CI theory is therefore to compute the matrix
elements (P|H|Q).

One- and two-body operators

There are two main types of operators that we will encounter in
CI theory: one-body operators and two-body operators. One-body
operators are of the form

One-body operators act only on one

A= (i), (4.8) particle at a time

.MZ
)

I
—

where 4 is an operator that acts on single-electron functions. Ex-
amples include kinetic energy —V?2/2, nuclear potential energy
Vhue(r), and the Fock operator f .

Two-body operators have the general form

N Two-body operators act on two parti-
W= Y @i, j), (4.9) cles at a time
=
i#]

1

N —
L=
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where @ is an operator that acts on two-electron functions. It is
assumed symmetric in the sense that

@(i,j) = (), 1)-
Our prime example is the electron-electron repulsion,

1
|t —1j|

w(i,j) =

The rules for computing the matrix elements of one- and two-body
operators are called Slater—-Condon rules.

The Slater-Condon rules give simple recipes for the action of
one- and two-body operators on Slater determinants, in terms of
which Slater determinants will appear in the result. The main thing
to observe is the following: For one-body operators acting on |P),
the result will contain those |Q) where at most one single-electron
function is different. For two-body operators, |Q) has at most two
single-electron functions different. This leads to sparsity of the repre-
sentation of the operators in the Slater determinant basis, that is,
the Hamiltonian — being a sum of one a and two-body operators —
will be a sparse matrix.

Slater determinants and their non-uniqueness

Let P = (p1,---,pN) denote the single-electron function indices
of a Slater determinant |P). Due to the antisymmetry of Slater
determinants,

|Xp]...Xpi...ij...XpN>:_|Xp1...ij...Xpi...XpN> (4'10)
T t

a permutation of the indices gives the same determinant, up to a
=+ sign. In a basis for CI space, we need to choose a unique repre-
sentant for all the N! possible index orderings. It is convenient to
chooose p; < pp < --- < pN, but by no means mandatory.

When we below work out the Slater-Condon rules, we will say
statments like “Q differ from P in n indices”. This must be inter-
preted as sets, since we compare determinants. In mathematical set
terminology, |[P N Q| = N — n, they have N — n common indices.

On the other hand, it is very convenient for the compact formu-
lation of the Slater-Condon rules that Q, having n different indices
from P, is not arbitrarily ordered — that will make the derivation
very complicated. We will instead derive the Slater-Condon rules
under the following assumptions on the ordering of Q.

However, if Q differs from P as sets in n elements, we select the
ordering of Q that is as close to the ordering of P as possible, by lining
up equal indices. This is best illustrated by example: Suppose that
P = (p1,p2,p3, pa). If Q differs from P in one element, that must
mean that some pj, say pa, is not present in Q, but all others are.
Therefore, Q = (p1,92, p3, P4). note carefully, that Q is now typically
not ordered, even if P is!
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Fixing this ordering means that, if Q is actually ordered differ-
ently, say q1 < g2 < -+ < qn, we must find the permutation of the
g;s that line up the indices according to the above convention.

Let us take a concrete example. Let P = (1,2,5), and let Q =
(1,5,6), both being ordered according to the basis set convention
p1 < p2 < p3. If we now exchange 6 and 5 in the latter determinant,
we get Q = (1,6,5). This now lines up with P such that the single
different index is in the same location in each determinant, p, = 2
and g, = 6.

Slater—Condon rules for one-body operators

We will introduce the matrix of the one-body operator 4 in the basis
of single-electron functions yx:

K
alxq) = Z {plalq), (4.11)
p:
(plalg) = (xplalxq) - (4.12)

Here, we have assumed that 4 acts only within the single-electron
basis we are given. This is sufficient, since we are interested in the
CI matrix of A = Y_;4(i). We have also introduced a notation for

a one-body matrix element that is a little more economical. Note
that one interprets (p|d|q) as a matrix, and indeed another common
notation is

apg = (plalq) .
Setting @ = 1, we also get the handy notation

(rla) = (xplxq) -

We start by considering an arbitrary Slater determinant. We do not
have to assume that the indices in |P) are ordered for the following.
We start by writing the Slater determinant using permutations:

)= i ED gy (1) g (o). 413)

We act with 4(i), which latches onto x,; (i):

ﬁ(l) \/7 2 | ‘ng (xl) [ﬁXPg(i) (Xi)] t .XPU(N) (xN)'

(4.14)
All other single-particle functions on the sum are unaffected by

a(i).
All single-electron functions identical: diagonal element

Consider now the case where Q = P, i.e., we wish to compute
(P|A|P). For the term (i) we get

< ‘ ( ) |P> N' |T| 2 ‘U‘ Xp‘((l) |Xp0(1)> e <Xp1'(1) |d|Xpt7(z)> U

(4.15)

It is useful to review permutations for
this section.

<XPT(N) |XP(7(N> ) (xN).
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By orthonormality, we must have 7(j) = o(j) for all j # i. But then
there is no other possibility than 7(i) = (i) as well. Thus, the sum
over ¢ has only one non-zero term, T = 0.

2 ~
(Pla(i) |P) = N! 2 ‘T‘ Ap=) |XPT(1)> Y <XPT(1) |a‘XpT(i)> Y <XPT(N) |XPT(N)>
\—,_/ N———
=1 =1 =1
1

N' <X,UT, |a|XPT, >
(4.16)

We are now summing over all permutations 7. 7(i) will take on all
possible values 1 through N. Given k, There are (N — 1)! permuta-
tions that have 7(i) = k. Thus,

N
(Pla(i) |P) = Z Xpelaxpy) (4-17)

Notice that the right hand side is independent of i, appearing on
the left hand side. Summing over i therefore gives

z

<P|A‘P> = Z <Pi|‘ﬂpi> . (4.18) Slater—-Condon rule for diagonal

= element of one-body operator

where we took the liberty to change the name of the dummy sum-
mation index.

All but one single-electron function are identical

The next case is that Q = P except for one single index, i.e., g; = p;
except for one position, q; # p;. Thus,

d1 = P1, 92 = P2, - 4} 75}7]', © N = PN- (4.19)

We compute the inner product,

i 1 R
(Qla(i)|P) = ﬁ;(—l)‘gwﬂ Xae [Xpoy) = Kae 181X po) -+ Kaein [ Xporny ) (XN)-

(4.20)
Since Q and P are equal in every place except one q; # pj, the

orthonormality of the x,s imply that the only nonzero term is ob-
tained when (i) = 7(i) = j. Otherwise, we are gauaranteed that
one factor is of the form (Xq, |Xpe) = 0. Thus we may write:

<Q NI Z‘S )M—HT' < qm) |XP,7<1)> U <qu\@|ij> e <XqT(N) |XPU(N)> (xN)'

(4.21)
We now observe that ¢ = 7, similar to the diagonal element calcula-

tion above: if o # T, then at least two (k) # t(k):
(QIa(i)IP) = w7 250(1), (xq;121xp,) - (4-22)

How many permutations ¢ satisfy o(i) = j? Thatis (N —1)!:

@itiip)y = M= lal,,) . 423

51
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The right hand side is independent of i. Summing the N terms
gives the final Slater—Condon rule for Slater determinants that differ
in one position:

(Q|A|P) = (q;lalpj) , Q and P differ only in position j.|  (4.24)

More than one single-electron function is different

It is left as an exercise to show that:

(Q|A|P) =0, Q and P have more than one different index. | (4.25)

The case of two-body operators is similar to the case of one-body
operators, but a little more involved.

We will introduce the matrix of the two-body operator b in the
basis of Hartree products of single-electron functions x:

K
b(1,2) [xr @ xs) = Y, |xp®xq) (pqlblrs), (4.26)
pa=1
(palblrs) = (xp ® xqldlxr @ xs) - (4-27)

Here, we used the tensor product notation for Hartree products:

(Y @ ¢)(x1,%2) = P(x1)P(x2)

As for one-particle operators, we have assumed that b acts only
within the (tensor product) of single-electron basis we are given.
This is sufficient, since we are interested in the CI matrix of B =
Yicjbli, j)- A A A

We assume that b(1,2) = b(2,1), i.e., that b is particle-symmetric.
This leads to the relation

(pq|blrs) = (qplb|sr) . (4-28)

There is also need for a second matrix element of b, namely the
antisymmetrized matrix element:

(pqlblrs) xs = (pq|blrs) — (pq|b|sr) . (4-29)

This appears naturally in the Slater-Condon rules below.

These matrix elements are referreed to as “physicists matrix
elements”. Chemist tend to also like their own notation, using the
fact that virtually the only interesting two-electron operator is the
Coulomb interaction:

[pqlrs] = (pr|@|qs) (4.30)
(pallrs) = (pq|@|rs) as = [prlqs] — [pslqr]. (4.31)

Slater—-Condon rule for matrix ele-
ments of one-body operator between
determinants that differ in one index

Slater—-Condon rule for matrix ele-
ments of one-body operator between
determinants that differ in two or
more indices

The tensor product is a way to com-
bine two (or more) basis sets to a
higher-dimensional basis set. This
construction is very common in quan-
tum mechanics, and in the method of
separation of variables.

Chemist’s notation for Coulomb
matrix elements using general single-
electron functions and spin-orbitals
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All single-electron fuctions identical: Diagonal element

We apply the operator b(1,2) to a Slater determinant, noting that
it latches onto Xpoty @ Xpoa)r but leaves all other single-electron

functions alone:
1

3(1,2) |P> = N E(_1)|‘7‘ [E)Cpg(l) (xl)ngm (xz)] e XPU(N) (xN)'
L
(4-32)
We project onto (P|:
N 1
(P[0(1,2)|P) = 5 Y (=DYHT oy P 1Bl po (1) Po)) (Kpe | Xpo )+ Kpe [Xpoiy) -
(4-33)

For a nonzero contribution in the sum we must have o(j) = 7(j) Insert illustration of permutations here
for j > 2. For a given 0, there are 2 permutations T that achieve

this. Either (1) = o(1) and 7(2) = ¢(2), 0or, (1) = 0(2) and

T(2) = o(1). The first case is ¢ = T, while the other case is T =

o o T1p, where Tp; denotes the permutation that only switches 1

and 2, a transposition. Notice that for ¢ = 7, |0| + || = 2|¢] is an

even number, but in the second case, |o| + |T| = 2|¢| 4 1 is an odd

number. This gives:

(P|b(1,2) |P) = Ni Z Po)Po@)|01Pe()Pe@) = (Po)Po@) [P Po@)Por)))-
(4-34)
This expression is independent of ¢(3) through ¢(N), in total (N —
2)! terms. On the other hand ¢(1) runs from 1 to N, while ¢ (2)
runs from 1 to N as well, jumping over o (i):

N
(P|b(1,2)|P) = N(Nl—l) ; Z (pipjlblpip;) — (pipjlblpjpi)-

(4-35)
We note that the last term can be simplified using the antisymmet-

ric matrix element, Eq. (2?). Consider now that B = Yic b(i, f).

We have only considered (i,j) = (1,2), but the right hand side is
independent of which pair we looked at. In fact, the result will be
exactly the same. This can most easily seen by permuting i to 1 and
j to 2 using T;1 Tjp, and repeating the argument, because

TnTp |P) = |P).
Thus, summing up we will get
1NN Diagonal element of two-body opera-
(PIBIP) =5} ) (pipilblpipi) o5 (436)  tor
i=1j=1

All but one single-electron functions identical

The next case is that Q = P in all positions except one, as for the
one-body matrix element considered earlier.
We start with Eq. (4.32), and project onto (Q)|:

(Qlb(1,2)|P) = Z 1)ttt (g |b|Pa o)) Kaegs) Xpoa )+ Kaeqao | Xpoq) ) -
(4-37)
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We must have that g.(;y = py(;) fori > 2, otherwise we get zero
factors from orthonormality. Thus 7(1) or 7(2) is equal to j, where
we have the differing index.

Assuming this condition, there are there are (N — 2)! permuta-
tions T that are thus. Moreover, as before, we can have ¢(1) = 7(1)
and 0 (2) = 1(2) or the opposite case ¢(2) = 7(1) and (1) = 7(2).
We get

(Qlb(1,2)|P) = (Dpo@)) pgr 438

We now have that o(1) runs over all k = 1 through N, while ¢(2) =
j or the opposite case. We get
(N

A -2 A A
(QIb(1,2)|P) = ~—; ) §(<qu]‘\blpkm>A5 + (4ipklblIpipE) ag)-
'

(4-39)
We now use that b(i,j) = b(j, i), so that the two matrix elements

in the sum are equal. We also observe that the matrix element on
the right hand side is independent of which pair we have on the
left hand side. Using a permutation argument as we did for the
one-body matrix element, we arrive at

N
(QIBIP) = Y~ (pxajlblpkp;) oq - (4-40)

k=1
k#j

All but two single-electron functions identical

The final Slater-Condon rule we will need to derive involves P and
Q, where Q differ in two positions: j and k, where we take j < k for
simplicity. Thus, g; = p; for all i, except q; # p; and g # px.

By now you might see a pattern. There will only be one term
here, and that is

(QIBIP) = (9j4x|blpjpr) pg - (4-41)

To prove this relation, we start with Eq. (4.32) again, and observe
that (7(1), (2) must match either (j, k) or (k, j). The same state-
ment is true for (0(1),0(2)). Otherwise, we will get an inner prod-
uct (q;|px) = 0 or (qx|px) = 0 in the term.

Thus we must have 7(3) = ¢(3) up to T(N) = o(N). Thus,
Eq. (4.38) is still true. However, due to the restrictions on ¢(1) and
0(2), and finally summing over b(i, j) as before, we get

(QIBIP) = (4;4x bl pjpi) g | (4-42)

There are no other non-zero matrix elements for two-body op-
erators in the sense that if more than two single-particle functions
differ, the matrix element is zero.

Slater—-Condon rule for matrix ele-
ments of two-body operators between
determinants that differ in one index

Two single-particle functions differ,
two-body matrix element

Slater—-Condon rule for two-body
operators, with Slater determinants
differing in two positions
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We here summarize the Slater-Condon rules for handy reference.
The Slater-Condon rules are derived for pairs of Slater determi-
nants P and Q. It is assumed that Q is related to P as follows:

e P= (P1, P2, -, pN), a vector of indices.
* Q=1(q1,92,- - - ,qn), another vector of indices.

e Q will differ from P as sets, having zero (Q = P), one, two, or
more, elements that differ.

® One: q; = p; for all i except for g # py for a single value k

e Two: q; = p; for all i except for gy # py and q; # p; for two
distinct values k and /

* More: gq; = p; for all i except for three or more distinct values

For one-body operators, recall that

(plalq) = (xplalxq) - (4-43)
One-body operators
(PIAIP) = YN, (pilalp:) Diagonal element
(QIAIP) = (qi|alpk) Q and P differ in exactly one position k
(QIAIP) = 0 Q and P differ in more than one position

For two-body operators, recall the definition

(pq|blrs) xs = (pqlblrs) — (pqlblsr), (4-44)

where
(palblrs) = (xp @ xqlblxr @ xs) , (4-45)

i.e.,, matrix elements in terms of Hartree products.

Two-body operators

(PIBIPY = N (paplalpin) s Diagonal element

(QIBIP) = YN, (pigr|Blpipe) as Q and P differ in exactly one position k
(QIBIP) = (qa1|blprpi) as Q and P differ in exactly two positions k and !
(QIBIP) = 0 Q and P differ in more than two positions

Suppose P = (p1,---,pn)and Q = (q1,---,qN) are given
vectors of single-particle indices. Suppose that as as sets, they

55
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have 1 elements not in common. We write P\ Q = (pi,---, py)
and Q\ P = (¢} --,q;), the different indices in each set, and
QNP=(p{,--,pP%_,) the common indices.

Find a permutation ¢ such that

P = (poy,+  Pon) = (P PPl PN—n)-

Find another permutation 7 such that, similarly,

Q' = ey Gev) = @1 G P PRn)-

Thus, the permutations bring the differing indices to the front. No-
tably, these new index sets are ordered according to the convention in the
Slater—Condon rules, but additionally, we have placed the differing
indices first.

We now obtain, using permutation antisymmetry of Slater deter-
minants,

(PIO]Q) = (~1)PI*1T(P10]Q) . (4-46)

We can now apply the Slater-Condon rules to the right-hand side.
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Exercise 1: The variational principle and constrained minimization

Let H be a Hermitian Hamiltonian operator. A trial wavefunction

|®) is any (sufficiently well-behaved) state vector that we use to
approximate an eigenstate of H. It is typically dependent on a set of
K complex variables:

® = d(z), zeCkK
The Rayleigh quotient is

(®|H|®)

FoI= o0y

and becomes a function of z. In general ®(z) can be a complicated
function. We will, however, study the linear case presently.
In CI theory, the variables z are the CI expansion coefficients

Cc = {Cp}:
K
D=) |P)c
k=1

The sum extends over whichever determinants Py are included in
our basis, e.g., singles and doubles for CISD.
Problem 1: The variational principle applied to the CI wavefunction

In this problem, you will prove that the variational principle ap-
plied to the CI trial wavefunction gives a linear eigenvalue problem.

1. Show that & is a linear function of c.

2. Show that
(@|®) = c'c.
3. Show that
(®|H|P) = ¢'H,

and identify the matrix H and its elements.

4. Assume H to be a real matrix, and c to be a real vector. (This is
no loss of generality in this case.) Compute the partial deriva-

tives 3
+
PP (c'c),
and 5
o
ack( Hc).

5. Use the product rule/quotient rule and the chain rule for differ-
entiation of multivariable functions to show that

ad

T%E( CI)‘(I) (ZHk] i C Ck) .
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6. Show that if V E(c) = 0, then
Hc = Ec.

Conversely, show that if ¢ is an eigenvector of H with eigenvalue
A, le.,

Hc = Ac, (4-47)
then V E(c) =0, and A = E(c).

Problem 2: More on the eigenvalue problem
1. Show that H' = H

2. Show that any eigenvalue E of H must be real-valued. (Hint:
Take the inner product of Eq. (4.47) with the corresponding
eigenvector.

3. Suppose E() and EU) are two different eigenvalues, with eigen-
vectors ¢(!) and ¢, respectively. Show that these eigenvectors
are orthogonal. (Hint: Project something onto the eigenvalue
equations and compare.)

4. A theorem of linear algebra states that the eigenvectors of a
Hermitian matrix H form an orthonormal basis for the vector
space at hand. Why then, cannot the exact ground state of H be
recovered from CI?

5. Interpret the CI eigenvalue equation quantum mechanically:
What are the allowed states/Hilbert space? What is the Hamilto-
nian? What are observables?

Problem 3: Variational bound
Assume H to have a complete set of eigenvectors,

Qact |T£lx)aCt> N

Al = E

exact (S

(0)

exac

where E; ;. is the ground-state energy, and for all i, EéQact < Eggclt).

1. Show the variational principle:

. 0
r‘II,BéI&E[T] = Eéx)act'
2. Show the variational upper bound property: the CI ground state
eigenvalue E(*) satisfies

EQ < EO©

exact —

Problem 4: Block structure from conserved quantum numbers

This problem may be considered a little hard, simply because I did
not have the time to develop/write it clearly ...

It is suggested that you review what block matrices are, and
what it means that a matrix is block diagonal.

Let O be an operator that commutes with H, i.e. [H,O

=0, and
such that the corresponding matrices also satisfy [H, O] = 0.



LECTURE 4: CONFIGURATION—INTERACTION METHOD 59

=y

. Explain why the above assumption is significant from a quan-
tum mechanical viewpoint.

2. Explain briefly why we can assume that the CI basis vector |P)
is an eigenvector of O, the matrix of O in the CI basis.

3. Explain why reordering a basis has no impact on what vectors
can be expanded. That is, show that if |Py) is our CI basis, and
|P]{ ) is a reordering of our basis, then every CI vector Y |Py) cx

TIP) <,
]

for a different coefficient vector c’.

can also be written

4. Assume now that the CI basis is reordered according to the O-
eigenvalue. Show that H is block diagonal with respect to the
eigenvalue of O. (Hint: Multiply Eq. (4.47) by O and use the
commutator.)

5. Specialize to O = $. Explain why determinants with different
(Ny, Nﬁ) have different S..

6. Explain why H (the CI matrix) is block diagonal in Mg =
3(Nx — Np).
7. Explain why block diagonality is relevant for computational

savings.

Problem 4: Sparsity from one- and two-body operators

Write the electronic Hamiltonian as

z

A= ﬁm+2ﬂm)

i i<j

1. Explain why Hpg = 0 if [P) and |Q) differ by more than two
occupied spin-orbitals.

2. List the only three determinant relationships that can yield
nonzero Hpg.

3. Explain briefly how sparsity and block structure change the
practical cost of solving the CI eigenvalue problem.
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Programming exercise: Slater determinants and CI matrix structure

In this exercise, you will develop essential parts of a simple CI
program in Python.

Our approach will rely on the Python functionality for sets. A set
in Python is like a list, only that the order does not matter, and each
element can only appear once. Here are some examples:

A {0, 1, 2} # notation for a set literal
B = {0, 2, 1} # should be the same set as A
print(A - B) # prints set(), the empty set

c= {0, 1, 3}
D = C.union(A) # set union
print (D)

itertools.combinations function, which generates subsets of a
set. Here is a minimal example:

from itertools import combinations

# Define the set of single-particle indices
sp_indices = set(range(10)) # {0, 1, ..., 9}

# Generate all determinants of 3 electrons
determinants = [set(comb) for comb in combinations(
sp_indices, 3)]

# Print the subsets
for (k,det) in enumerate(determinants):
print (£’ |Phi_{k}>_=_|{det}’>)

Problem 1: Construct all determinants

Let K be a given number of orthonormal single-particle functions
Xp, P = 0,2,...,K—1, and let N be the number of electrons in a
molecule.

Set up a list of all Slater determinant indices for K single-particle
functions and N electrons.

Problem 2: Compare determinants

For each determinant, create a vector with the list indices of all
determinants that have exactly 1 different index. Here, it is useful
to use the capabilities of Python’s set class. To take the difference
between two sets P and Q, use P — Q. To count the number of
elements, use len(P — Q).

To find the list index of a set Q, you can use something like:

try:
index = list_of_sets.index(P)
print (index)

except ValueError:
print("Set.not.found")
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Repeat for all index sets that have exactly 2 different indices.
Thus, you should end up with two lists of lists, where element
number k is a list of indices k'.

Problem 3: Sparsity pattern

Set up a matrix A = Ay, where Ay = 1 if determinant numbers k
and k' differ by at most 2 indices.
Visualize the matrix A.






Lecture 5: Hartree—Fock part 2

In this lecture, we continue with the Hartree-Fock method. We
will formulate the General Hartree—Fock (GHF) method using, well,
general single-electron functions/spin-orbitals.

The HF method is about minimizing the energy of a single Slater
determinant. Therefore, we first need to find an expression for this
energy.
Let the HF determinant be
@) = [xixe - an) - (5.1)
Here, we have assumed that the ); are orthonormal,
(xilx;) = 6ij-
Recall, that for orthonormal single-particle functions, we have
(®HF|®HF) = 1. We appeal to the Slater-Condon rules and find

OHF| H|pHF .

= (OHF| T 4 Uy |OHF) + (@HF || @FF)
h\/_/

Hy
N (5-2)
=Y (ilhli) + 5 Z (17 |@[i) A
i=1 1]
N
=) (ilhli) + 5 Z (ijl@lif) — (ijl@lji))

I\
-

,] 1
It is a little more standard to call the electron-electron repulsion
operator W instead of V)¢, so this is what we do presently.

Our task now is to derive the conditions for a critical point of the
energy E[x1,- -, xn] with respect to variations in the unknowns,
which are x - -+, XN, i.e., equations that describe that the energy
has zero derivative.

We will use calculus of variations to derive the HF equations. The
calculus of variations generalizes ordinary multivariate calculus to

Recall that x;(x) is a general function
of space r and spin w.
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functions where the variables are functions. Thus, we may even have
an infinite dimensional space for our unknowns. On one hand, this
description is more abstract, but it is also more “geometric”, and
once one gets used to the nomenclature, it is quite intuitive.

For ordinary multivariate functions we have the following de-
scription: Let E(x1,- -+, x,) be a multivariate function, sufficiently
well-behaved so we can differentiate with respect to all the x; and
obtain a continuous result at least twice. We say that E is of class
C2. The first derivative is the gradient (or Jacobian),

9E
Bxl

VEx)=1]... |,

OFE
oxy

and is a vector of functions, each of which can be differentiated
again to obtain the Hessian,

_PE ... _E

dx10x71 0x10xy,
VVTE(x) =

PE L

9x,,0X71 9x,0xp

The elements of the Hessian are all continuous functions, and the
Hessian is a symmetric matrix under the conditions stated above.
[See, e.g., Marsden and Tromba]

Suppose we have found a critical point of E(x), i.e., a point x° =
(x9,--+,x9) where all the partial derivatives of first order vanish,

ie, VE(X') = 0:

0E(x%)
axi

=0 (x° critical point)

0

The Taylor expansion of E(x) around x = x’ now reads

E(Q +6x) = E() + X VE() + 56xT (VYTE()ox + hot

9?E(xY)

1 n
— POy 1
=E(x") + zi]§:léx

(5-3)

Here, éx is a “small change” of xY, which can be expanded in the
standard basis e; of R" as

n
o0X = Z (5xl~ei.
i=1
How small is “small”? The point is that we can recognize a critical
point by the condition that the gradient vanishes. In the Taylor
expansion, the gradient couples to the variation dx. On the other
hand, the second-order term gives a tiny correction, and éx must be
a vector of such small magnitude that all higher order terms can be
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neglected. If the change is really, really tiny, then we can ignore the
second-degree part of the Taylor polynomial as well and evaluate
the tiny change in E:

SE(x?) = E(x 4+ 0x) — E(x°) =~ E(x°) + 6x"VE(x?) — E(x?)

= 5x"VE(XY). 54

Thus, a critical point x* satisfies the condition that E(x?) = 0 for
all possible “infinitesimal” variations 5xY. Note however, that the
tiny change 6E(x°) is the total derivative of E at x° in the direction of x.

Given a smooth multivariate function E(x), the point x’ is a
critical point if and only if fE = 0 for all possible infinitesi-
mal variations Jx.

Additionally, we can recognize whether x is a local minimum,
maximum, or saddle point depending on the Hessian matrix
VVTE(x?), but this is out of scope for the present discussion.

The point of the vanishing variation JE is that it is often easier
to work with in the more abstract setting where the variables are
functions.

Let us take a simple one-dimensional function as an example:

flx)=x*—x+1.
We now do a small change dx and compute our function value:
flx+6x) = (x+6x)% — (x +0x) +1 =% +2x6x + 6x> —x —dx + 1
=x>=x+1+(2x—1)0x+hot
(55)
We compute the variation in the function value:
f(x+0x) — f(x) = (2x —1)dx + h.ot

and obtain
Of(x) = (2x —1)dx

to first order in dx. The condition for a critical point becomes

2x—1=0.

Variations of single-electron functions

The HF single-particle functions are such that they minimize the
energy expectation value. That means that if we make small vari-
ations x; — X; + 0x;, the energy must be stationary, i.e., must not
change to first order in Jy;, for all such small variations.

What is a legal variation in x;? Such a variation must be a legal
single-electron wavefunction. Thus, we write §x; € H;, single-
electron space. The set {x; | i # N} are called occupied spin-orbitals,
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but there are only N of these. From these we can construct an N-
dimensional hyperplane of single-electron wavefunctions. These

are N
u(x) = ZXi(x)ui € Hocer Ui = <Xi|u>- (5.6)
i=1
Some legal variations in x; are in this space, i.e., we may consider
N
5xi = Y Xj (xjloxi) € Hoce: (5.7)
j=1

However, there is an infinite number of dimensions in 4, and
our variations may also be along either of these infinitely many
dimensions not captured by the occupied single-electron functions.
Thus, the general form of Jy; is:

N
6xi = Y Xxj (xjloxi) +oxi L, (xjloxiL) = 0. (5.8)
j=1

The remaining variation is thus orthogonal to all HF single-particle
functions, and thus orthogonal to the space Hocc.
This covers all variations we can do.

The variation of the Slater determinant

Given variations in y;, what is the variation in ®HF?

Suppose first that 6x; = €y, where € is a number, and where
i # j. Then,
§DF) = |x1--- (ri +exi) - xn) — |@TF)
=€lx1 - Xj - AN) (5.9)
=0.

The variation vanishes because the determinant |x1,-- -, Xjr s XN)
has two repeated single-electron functions. Thus there is no varia-
tion in the Slater determinant! Clearly, the energy does not change
if we do such variations, either, so it is not necessary consider such
variations.

If i = j, the variation is

s |y = ¢ |ty

In this case the energy does not change either. In fact, such varia-
tions violate the constraint of orthonormality, so they can be ruled
out from this consideration as well.

On the other hand, if §x; = dx;; which is orthogonal to all the
Xj, then the variation in the determinant does not vanish:

S|P = |x1--oxiL o xn) -

We now consider a general variation in the Slater determinant,
when all the variations in the x; are allowed to happen simultane-
ously:

5 |@HF) = Zei [DMF) + [x1 - xiL - AN) - (5.10)
1

Write out this determinant to see that
the variation vanishes.

Show this by inserting into the first
equality of Eq. (5.2).

Write out this determinant to aid in
visualizing
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As in the n-dimensional example above, we have used the chain
rule for differentiation to obtain the total change in the Slater deter-
minant, which depends on all the single-particle functions.

For the variational principle applied to the Hartree-Fock
determinant, we need only consider variations that are or-
thogonal to all single-particle functions

Applying the variational principle

Recall that we are going to minimize

N 1N
Bl ) = Bl = L 00 + 5 32 (Glali) (i),
= i,j=

This function changes with the single-particle functions x;. We
found that it is sufficient to do variations on the form

OXi = OXi,L-
We then have to find an equation that is equivalent to the condition

0E =0 for all variations d); = éx; | for all i.

Variation of one-body part

Since the derivative is linear, we can treat each term separately,
and then add up later. It turns out that the condition that Jy; is
orthogonal to all the x; has no bearing on the following purely
algebraic manipulations. The orthogonality comes into play a little
later.

We consider first the variation of a one-body matrix element:
8 (xi|h|xi)- The matrix element is an inner product, and these are
additive in each argument:

Oc+ 1 lhlg) = [ dxlx(x) + x(x)Thgp(x)
- / dxx(x)hg(x) + / dxx’ (x)hp(x) (5-11)
= (xlhl) + (¢ lilg)

Similarly,

(@lilx+2) = [ dxpGohle(x) +x' ()
~ [axp@ix() + [l (x) 612
= (plilx) + (@lhlx)

This mathematical rule is all we need to compute the variation of
the one-body part!
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The variation in the one-body part is

N
é (i +oxilhlxi +oxiy — Y (xilhlxa)

i=1

M™M=
™M=

<7Cz‘h‘7(1> =

Il
_
Il
_

i
N

Clfl) + Oxilhlx) + Galkloxi) + Gxlhlex) ) = 3 (alilx)
i=1

|
Mz

Il
_

2
Mz

(
L (¢

(oxilhlxi) + (xilh|o xl>) (first-order part only)

Il
_

2Re (3xilh|x:)

I
™=

Il
_

(5.13)

We now consider a different choice of variations, namely ¢'x; =
i0);. This gives

Z

M™M=

¢ Z <Xz|h‘Xz> =

N
(xi + idxilhlxi + i6xi) — Z (xilhlxi)

Il
-

N
(<x1\h\xl>—l<5xz|h|xz> <Xi|h|‘5Xi>+<‘5Xi|h|‘5Xz) Y (xilhxi)
i=1

|
M™M=

Il
_

~
~

.[:%Z

(= toxilhlx) + Galilexs) )

i=1

N
=2Im Y (dxilh|x:)
i=1

(5.14)

Variation of two-body part

We compute the variation in the two-body part, starting with a
single matrix element, and writing x} = x; + dx;, we get:

8 (axjllxixg) = (ixjl@lxixg) — Gxjl@lxix;)
= (Oxixj|@Ixix;) + (xioxjl@lxix;) + (xix;l®loxix;) + (xix;l®|xiox;)
= (Oxix;l®|xix;) + (Ox;xil@lxjxi) + (xixjl@|oxix;) + (xjxil®|ox;xi)
(5.15)

Here, we used the symmetry of @(1,2) = @(2,1). We also did not
even bother to write down terms that had a double variation or
higher, since these are of order more than 1, and irrelevant for the
variation in the energy!

We also have a second matrix element to vary, and the calcula-
tion is almost identical:

§ (xaxjlolxixi) = axglolxxd — (xaxjl@lxjx:)
= Oxixjl®lxxi) + (xioxjl@lxjxi) + ixjl@loxixi) + (xix;l®|xox:)
= (Oxixjl@|xjxi) + (Oxjxil®lxix;) + (xix;l®[ox;xi) + (xjxil@oxix;)
(5.16)
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We now add these tidbits together:
8 Y (ijld]if) as = Y (Sxix;|@Ixix;) + (Oxixil@lxixi) + (rixil@loxix;) + (xjxil@|ox;x:)
ij i,j
— (Oxixjl®lxixi) + (Oxjxil@lxix;) + (xixjl®loxxi) + (xjxil@loxix;)
=Y (Gxixjl®lxix) + Gxixjlolxixg) + (xixjl@loxix;) + (xixjl®lxix;)
i
— (Oxix;l®lxixi) + (Oxixj|l@|xjxi) + (xjxil®loxix;) + (xjxil@loxix;)
= D_2(0xixj1®1xix;) s + 2 (XiXj1010XiX}) o
i

=2Re ) (0xix;|DIXix}) pg
L)

(5.17)
As for the one-body terms, we do the second variation and obtain
5’Z(ij|z@|ij>A5 = 21m2<5Xin|w|Xin>AS (5.18)
L] L]

The non-canonical Hartree—Fock equations

Adding our components together, we obtain the condition of sta-
tionary energy. The variations J); are all independent. We can
choose their values at will. We select one particular i = k, and

Xx = 7 — we don’t need the index — and dx; = 0 for all i # k. The
sum over i in the variations collapse to i = k:

OE[x1, -+ ,Xn] = 2Re <<7|fl|xk> +) <7x]-|@|xkx]->As> . (5.19)
]

O'Elx1, -+, xn] =2Im (Mm +) <7x,-|wlxkx,->As> . (5:20)
j
Adding the two variations together “8 + i6'” gives the variational

condition:

SE[x1,-+,xn] =0 <= (vlhlxi) + Y (vxjl@lxex;) os = 0, (5.21)
j

for all single-particle functions x_L x;, for all i.

Summing up the variations

We are on a journey to turn the condition (5.21) into an equation
we can do computations with. We consider the “direct” and “ex-
change” terms of this condition:

Z (vxjl®|xxx;) Hartree/direct term (5.22)

]
Y (vxjl®|xjxe) Exchange term (5.23)

]
The Hartree term is so named because if we do not antisymmetrize
the Slater determinant and only have a Hartree-Product, this is
exactly what will appear. The exchange term is so named because
the two particles are, well, exchanged in the ket, and only appear
when the wavefunction is properly antisymmetrized.
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The Hartree term

Let us write the Hartree term as an integral. We now specialize to
the Coulumb interaction,

1
w(l,2) = ——.
2= =l
We write
1
Z<vx]|w|m] / dxy / dxpy(x1 Zx] mx;c(xl)xj(xz)
j
|X X2 |
= [ dxyy(x l/d S ()
= dxl'Y(xl)UH(rl)Xk(xl)
(v19™ | x)
(5-24)

Here we defined the Hartree potential

2
o (r1) Z/dxz |X] x| /d Lo [x(r2, )|

||r1—r2|\
_ /d
It — x| *r2||

which in particular is independent of the spin coordinate appearing

(5-25)

in the inner product.
We have also introduced the electron density of the Hartree—Fock

=LY I w)l (5:26)
j w

Thus, the Hartree potential is simply Coulomb’s law for the electro-

wavefunction,

static potential generated by the charge density p(r).

Exchange term

The exchange term is a little more complicated to deal with. We
desire a one-body bracket as we obtained for the Hartree term, but
to achieve this, we have to introduce a nonlocal potential operator 9.

;1
Y (vxllxxe) = /dxlfdeY X1 Zx] 12?( (1) xk(x2)

j
= /dxl’Y(xl) [/dxzz)mw xj(x1)
j

12

= /dxlm[@e)(%k] (x1)

= ([0 xx) -
(5-27)

Notice here that we were not able to isolate a local potential, but we
were still able to isolate an operator! The definition of this operator
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is in terms of how it acts on a single-particle function:

Y, mu(l‘z, wy)
12

[0%u] (11, wy) = /drz Y Xj(r1,w1)  (5.28)
]

Note how 9% is a linear operator: If we insert u = uq + uy in the

integral, we get two terms, thus 9* (11 + 1) = 0%uy + 9*uy.

Howver, the operator is non-local, as it smears out u over all space

via the integration.

The Fock operator

We define the Fock operator as Szabo and Ostlund write this as
f=h+J-K.

f=h+o -5 (5.29)

The Fock operator depends on the single-particle functions through
the Hartree and exchange potentials. The variational condition in
Eq. (5.21) becomes

(7|flxx) =0 forall k. (5.30)

Hartree—Fock equations

Our variations are now orthogonal to all the x;:

(vlxi) = 0.

Since f |xy) is a single-particle function, we can expand it in two
parts: one parallel to the single-particle functions, and one orthogo-
nal to the single-particle functions,

flxe) = Z|Xj>)\jk +1g6) . 1K) = (Flxe)) 1
j

Here, )\jk are some unknown coefficients. We just know they exist.
Choose the variation v = €gy, where € is a tiny number. This is
legal, since g is orthogonal to all the y;. Taking the inner product
with vy reveals that

(7| f Ixi) = e (gklgi) = ellgxll,

which is only zero if g = 0.
On the other hand, no variation in x; can ever affect the A-terms.
Thus:

6E = 0 for all variations orthogonal of the single-particle
functions if and only if there are constants A such that

flxx) = 210 A (5.31)
j




72 LECTURE NOTES IN QUANTUM CHEMISTRY

The canonical Hartree—Fock equations

Equation 5.31 is called the non-canonical Hartree—Fock equation. It is
“almost” an eigenvalue equation, except that the right-hand side
allows couplings between the single-particle functions.

We now observe that A = [A;] is a Hermitian matrix. To see this,
we compute

A = (Xl flxe) = (lh+ 07 4 0% x) -

The first term is clearly Hermitian, since /i is Hermitian. It is left
as an exercise to show that the Hartree and exchange operators are
also Hermitian. Since A is Hermitian, we can diagonalize it:

A =UEUH, E=diag(ey, -, en).

In components,
)\jk = Uﬂelukl.
From A = UEU! we also obtain the identity
utA = eut.

We will use this relation shortly.

CI)HF

We next observe, that the Slater determinant is left un-

changed if we take a unitary matrix U = [Uj] of size N x N, and
redefine our single-particle functions according to

X5 =Y Ixn) Wi (5.32)
1
Since U~! = UM by unitarity, the inverse transoformation is
) =Y Ixp Uy (5-33)
1

The choice of the unitary matrix U comes from the diagonalization
of A above. Now something fantastic happens!

Inserting this expression into the non-canonical HF equations (5.31),

we obtain
Flx) =Y F1xD) Ua = Y |xp) UnAu
1 i
=YX Uphie = Y 1xg) (U7 Ay
ji I
R (5:34)
=Y Ixp) (EU™)
1
=Y Ix) el
1

We now multiply with Uy; and sum over k: The left-hand side be-
comes

> flxn) Ul = Y2 f [xp) (UM = 3 Flxa) o = £ lxi)
Lk l 1
On the right-hand side, we instead obtain

Y XD el = Y. [x1) e (UPU); = Y |x)) €0 = [x]) €.
1 ; 7

Solve this exercise!

Show this by using det(AB) =
det(A) det(B) after inserting the
expansion into the definition of a
Slater determinant.
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We combine these two equations into the ...

Canonical Hartree—Fock equations:

(h+ 0" — %) |xi) = € lxi) - (5.35)

This is a nonlinear eigenvalue problem in the sense that the
Hartree and exchange potentials depend on the eigenvectors.
Thus, we must solve the equations self-consistently.

Discussion of the Hartree—Fock equations

We have derived two sets of Hartree-Fock equations: Non-canonical,
where the single-particle functions were mixed in the right-hand
side, and the canonical, where the single-particle functions were not
mixed. The latter is a generalized nonlinear eigenvalue problem,
while the former is not.

The two equations are equivalent: Given a solution of the non-
canonical equations we demonstrated explicitly that the x; can be
transformed into new functions that satisfy the canonical equations.
Concersely, if we start with a solution of the canonical set of equa-
tions, we can do unitary transformations and obtain solutions of the
non-canonical equations.

In practice, the non-canonical equations are solved in computer
codes. It is important to be aware, though, that the canonical solu-
tions are just a particular choice, a convention, for a Hartree—Fock
solution. The Slater determinant, which is the wavefunciton, does
not change between canonical and non-canonical solutions.
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Exercise 1: Deriving the Hartree—Fock energy using Slater—Condon rules

Let the Hartree—Fock determinant be
D7) = xix2-an), (ulxg) = 8
The electronic Hamiltonian is written as

N A~

N
H=Hy+W, Hy=T+Ve Ho=)Y h(k), W=Y akl),
k=1

where /1 is a one-electron operator and @(k, 1) = rlgl is the electron—
electron repulsion operator. In this exercise, you wull use the
Slater-Condon rules to derive Eq. (5.2):

. N 1 N
Elr, -] = (@TFIAIOT) = Y ilhiiy+ 5 ¥ (Gifllif - Gijloji) )-
i= i,j=

Problem 1: Normalization and energy decomposition
1. Argue that (®HF|®HF) = 1, and therefore

<<I>HF|I:I|(I)HF>
E(x1,---,XN] = W

= (o' | |@MF) .
2. Using H = Hy + W, show that

(@HFAIOHF) = (OHF | g | 0HF) - (@HF| Y[ @HF).
Problem 2: One-electron part (®HF|Fy|DHF)

Start with the one-electron part explicitly as a sum over electrons:
A N ~
Hy =Y h(k).
k=1
1. State the Slater-Condon rule for the diagonal matrix element of

a one-body operator A = YN , 4(k) evaluated on a determinant
|®) = |x1-- - xn) built from orthonormal spin-orbitals.

2. Apply that rule to Hy to show that

N
(@ | Ho @) = Y~ (xilhlxi) -
=1

Problem 3: Two-electron part (®HF|W|HF)

1. Write the electron—electron repulsion as
W =Y"w(k1).
k<l

Explain briefly why the sum is over k < [ rather than all combi-
nations of k and I.
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2. State the Slater—Condon rule for the diagonal element of a
two-body operator G = Y, §(k,1) with a determinant built
from orthonormal spin-orbitals. Your stated rule should involve
Coulomb- and exchange-type two-electron integrals.

3. Apply the rule to W and show that
(@ W) = 3 ((Gjllif) — (ifllji) ).
i<j

4. Show that the i < j sum can be rewritten as a double sum with a
prefactor:

a1
Y flij) = > Y fGj).
i<j ij=1
i#]
Then argue why, for the antisymmetrized integrand
f(i,j) = (Gj|@lif) — (jl@lji),
you may extend the sum to all 7, j without changing the value:
R N N
> Y. flij) = 5 Y. fGj).
ij=1 i,j=1
i#]
Problem 4: Assemble the Hartree—Fock energy expression

Combine your results from Problems 2 and 3 to obtain Eq. (5.2).

Let E(x) be a C? function of x = (x1,...,%,) € R". For an infinitesi-
mal variation

n
ox = 2 5xl-el-,
i=1

define the first-order variation
JE(x) = E(x+ 0x) — E(x)

keeping only terms linear in dx.

Problem 1: Warm-up with one variable

1. Let f(x) = x2 — x + 1. Compute f(x + dx), expand in powers of
0x, and identify

o6f (x) = f(x+6x) — f(x)
to first order in Jx.

2. Use the condition “5f(x%) = 0 for all 5x” to find all critical
points x0.

3. Verify that your critical points agree with the usual derivative
condition f'(x0) = 0.
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Problem 2: Variation equals directional derivative

1. Let E(x) be differentiable. Show (by Taylor expansion to first
order) that
SE(x) ~ 6xT VE(x).

2. Let v be a vector, and let
L= {x0+sv|s€]R}.
Describe L using words.

3. Define the function f(s) = E(x” + sv), where v is a direction
vector. Use the chain rule to show that

£1(0) = vIVE((X).
4. Fix a direction vector v and set dx = ev. Show that
OE(x) ~ evI VE(x)
and interpret the coefficient of € as the directional derivative of E
at x in the direction v.

Problem 3: “0E = 0 for all 6x” is the same as VE = 0

1. Assume JE(x?) = dxT VE(x?) = 0 for all variations éx. Show that
this implies VE(x?) = 0.

2. Conversely, assume VE(x") = 0. Show that 6E(x”) = 0 for all
variations Jx.
Problem 4: Compute variations of explicit multivariate functions

1. Let E(xq,x2) = x% + 3x1x0 + Zx% — x1 — 2xp. Compute JE to first
order in (6x1,0x7).

2. Read off VE(x) from your expression for 6E and verify it by
computing partial derivatives.

3. Solve VE(x?) = 0 for the critical point x.

Problem 5: Quadratic form notation and the Hessian

1. Let E(x) = %xTAx +bTx+c, where A is a constant n x 7 matrix,
b € R", and ¢ € R. Compute JE to first order in éx.

2. Show that if A is symmetric, then

VE(x) =Ax+b, VVTE(x)=A.

3. Use the condition 6E(x") = 0 for all éx to show that a critical
point satisfies
AxX’+b=0.
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Problem 6: Lagrange multipliers in finite dimensions

The method of Lagrange multipliers is a technique to find critical
points of functions when the argument x € R" is constrained.
It turns the constrained optimization, which is in general hard
since one needs to find a parameterization of the constrained set of
points, into an unconstrained optimization, which may be easier,
albeit at the cost of more variables.

Let E(x) be a C! function and let g(x) = 0 be a constraint with g
differentiable. Define the Lagrangian

L A) = E(x) —Ag(x),
which is a function of one more variable, y = (x,A) € R"*1.
1. Show that
0L = 5xTVE(x) — AoxTVg(x) — (8A) g(x)
by writing dy = (6x,JA); independent infinitesimal variations.

2. Use the requirement £ = 0 for all éx and JA to show the sta-
tionary conditions

VE(XY) = A Vg(x?), g(x%) =o0.

3. Let 6x be a variation which additionally satisfies 5g(x") =
oxTVg(x?). Show that x” + dx satisfies the constraint (to first
order).

4. Show that under the conditions of the previous two points,
0E(x) = 0.
Interpret in terms of optimizing E under the constraint.

5. Apply the method of Lagrange multipliers to find the unique
critical point of
E(x1, %) = 2% + x5
subject to the constraint g(x1,x2) = x; + x» — 1, and find the

stationary point(s) (xJ,x9).

6. In a 2D axis draw a picture that illustrates the function E and the
constraint g. Draw level curves for E, and draw the whole locus
of g =0.

7. Compute VE(xY,x9) and Vg(x?,x)). Draw them as vectors
anchored at the critical point. Interpret in terms of the condition
VE = AVg.

8. Let E be an n-variable C? function, and let g; and g, be two
constraints. Define the Lagrangian

L(x,A1,A2) = E(x) — A181(x) — A2g2(x).

Explain why unconstrained optimization §£ = 0 will give the
optimization of E subject to both constraints g1 = 0 and g» = 0.
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Problem 7: Connecting to the upcoming Hartree—Fock derivation

1. In Hartree-Fock, the “variables” are functions (the spin-orbitals
Xi) rather than numbers (x1,...,x,). In one sentence: what plays
the role of 6x?

2. The HF determinant uses orthonormal spin-orbitals, (x;|x;) =
d;j. In the derivation of the HF equations, we did not explicitly
enforce this condition. Write a constraint function g;; (analogous
to g(x) above) whose zero enforces this condition.

3. Explain that unconstrained optimization of

L =E[x1, -, xn] = Y Ai&ijlxr - xn]
ij

will yield an optimal Slater determinant with orthonormal
single-particle functions.

Problem 8: Alternative derivation of the Hartree—Fock equations (very

rough exercise sketch)

The following exercise could really benefit from having more steps.
I have not had the time to quality check the points, and write more
steps ...

1. Show that g;; = (xi[xj) — J;; is a proper set of constraints for
orthonormality of single-particle functions, wherei,j =1,...,N.

2. We now treat x; and the complex conjugates as if they were
independent variables. This is actually allowed. Show that the
variation with respect to x; alone gives the equation

j

Here, JE is the variation of the energy under this variation of ).

3. (A bit of work.) Retrace the steps of the derivation of the HF
equations in the lecture notes, to show that

fxe= Z)\kj?cj-
j

4. Compare with the equations derived in the lecture.
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We now take our canonical Hartree-Fock equations and turn them
into something programmable on a computer. To this end, we as-
sume that our single-particle functions are expanded in a given
atomic orbital functions ¢, (r). The index is chosen to be distinct from
the index i used on y;, so that it is easy to recognize them, and also
since they cound different things. For example, there are in gen-
eral only N of the latter, but this is not related to the number of the
former, which is typically in the hundreds.

For restricted Hartree—Fock (RHF) we have, for an even number of
electrons N, and forj =1,2,...,N/2,

x2j-1(r,w) = j(r)a(w), (6.1)
Xx2j(r,w) = ¢i(r) p(w). (6-2)

Recall the special notation
[ONTF) = [9191 - Yn/aPns2) s (6.3)

exhibiting how electrons are paired up in spatial orbitals. The ex-
pansion in AOs is given by

¥i(r) =) Cpipu(r). (6.4)
12

The unknowns in RHF are therefore the matrix elements of C = C;,
called MO coefficients. Thus, we have the following matrix structure:

/C:,i
C: )

For unrestricted Hartree—-Fock (UHF), we have
X2j—1(r,w) = 95 (r)a(w), (6.5)
Xoj(r, @) = P (1)B(w). (6.6)

The electron spin is still predetermined, but the spatial parts of
each spin orbital are “unrestricted”:

| BUHFY — gy by, 6.7)

4 ws(0)
—4=— o (v)
—4=— w0
—4=—ys(r)
4 w0
44— ()
—4=— v2(r)
=)

Ilustration of a RHF Slater
determinant
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In terms of the AOs,

Z Chitbu (6.8)

= 2C5i¢ﬂ(r)~ (6.9)
[z

Thus, we now have two MO coefficient matrices. Typically, these are
stored in a larger matrix on block form, C = [C* | CP]. The N /2
first columns are the &« MO coefficients, while the last N /2 columns
are the B MO coefficients.

The above Slater determinants are only defined for an even num-
ber of electrons. UHF is straightforwardly applied to an odd num-
ber of electrons: Simply add one more electron to, say the « part
of the wavefunction. To treat odd number of electrons in RHF, the
proper approach is restricted open-shell Hartree—Fock (ROHF) which
we will not treat.

For the general Hartree—Fock method (GHF) method we have

xirw)y=|" , ZC iPu(r), ZC ifu(x

(6.10)
Relative to UHF, we see that every single-particle function has both
« and B MO coefficients — the dimension of these matrices are there-
fore doubled in GHE. The GHF method is quite uncommon, and we
will not discuss it further.

We now briefly discuss the AO basis sets in use. What are they?
The short answer is that these functions ¢, (r) are almost univer-
sally chosen as linear combinations of primitive gaussian functions:

= Y digu (), (6.11)
1

where g, 1(r) denotes a number of primitive gaussians defined for
basis function number p. These take the form

831 (£) = Nyxy= exp[—alfr — <], (6.12)

where Ny is a normalization constant, (x, y,z) = r — ¢ are cartesian
coordinates relative to the center c, 4, b, c are non-negative integers,
and & > 0 controls the overall width of the gaussian.

Thus, each AO is not a single gaussian, but a sum as such. Gaus-
sians are very flexible, and a few primitive gaussians can mimic
very general functions.

An AO basis is chosen per molecule: For each atomic nucleus
at position R4 with charge Z,4, a set of N, functions {<p;?(r)} is
chosen using a predetermined table of gaussian parameters. Then,
the final AO basis set is taken as the union of these, giving in total
Y 4 N4 basis functions.
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Care must be taken so that the basis set is numerically linearly
independent. That is, if the overlap matrix S, = [ ¢, (r)p,(r) dr is
numerically singular, one or more basis functions can be written as
linear combinations of the others. These are removed, until S is no
longer numerically singular.

The predetermined table of basis functions is typically what is
referred to as “the basis set”. Examples are ‘STO-3G’, ‘cc-pVDZ’,
and so on.

Why gaussian functions? This has a pragmatical answer: Gaus-
sian functions are easy to compute with, and integrals involved
in electronic structure calculations (see Equations .....) are analyt-
ically or semi-analytically available. They can be calculated with
extreme efficiency using well-established publicly available software
libraries such as 1ibint. Without such libraries, quantum chemistry
would be very hard business!

On the other hand, we know for a fact that the exact orbitals of a
Hartree-Fock calculation behaves in a manner not compatible with
gaussians: (a) They have a cusp at the nucleus due to the Coulomb
singularity there. (b) They behave asymptotically like exp(—pr)
for large 7, again due to the long range behavior of the nuclear
Coulomb potential. However, a linear combination of gaussians will
never have a cusp, and they fall of much faster than an exponential.
This results in certain unphysical behavior. For example, long-range
interactions between molecules are hard to correctly model using
gaussians.

AO basis sets that use exponentials instead of gaussians are
called Slater-type orbitals (STOs). These are much harder to utilize in
computations, but are better suited from a physics point of view.

A third option is numerical basis sets, which resolve AO ra-
dial functions on a grid. It is typical to use spherical harmonics
Y},n (6, $) instead of cartesian monomials x?y"z¢ in this case. Nu-
merical basis sets are best suited for Hartree—Fock calculations on
atoms or atomic ions.

Energy expression

We now compute the energy of the RHF wavefunction in terms of
the MO coefficients. Recall the energy expression for the HF Slater
determinant, Eq. (5.2). Since y; is a spin-orbital, and since h and

@ do not depend on spin, we obtain some simplifications. We first
deal with the single-electron part of the energy.

(il = [ de Sl (e)alo)

= {afa) / drm[—ivz V()] ir) (6.13)
= (¢ilhpy).
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For a single-electron operator that does not act on spin, we have
defined the spatial integral

(Willg) = [ dr(eYhgi(x) (614)

We obtain for the single-electron energy:

: NG
Y (xjlhlxi) =2 ) (¢ilhlyi), (6.15)
7 i=1

where the factor 2 comes from the two spin directions.

We now turn to the two-electron energy. We need to evaluate a
matrix element of @(1,2). To that end, we consider 4 generic spin-
orbitals

Xi= l)[]l")/l'/ Yi € {‘X/ ﬁ} (616)

Computing a matrix element we find

Spatial operator matrix element

(xixal®lxsxs) = ) /drldrzlPl(r1)71(wl)lpz(rz)’rz(wz)@(rlfrz)ll13(1‘1)73(w1)¢4(r2)’74(w2)

w1wr

= (71l73) (72|74 / drydry 1 (11) P2 (12) (11, 12) 3 (11) a(r2)

= Sy 0mas (W12| [ h3a),
(6.17)

where we have defined a spatial-only matrix element of @. We are
now ready to compute the two-electron energy. We start with the
“direct part” of the antisymmetrized sum:
5 L xixe|@lxixe) = 5 L (wipy [@lwipy) + Py @15y)
i’ i’
+ (i [0jy) + (i DIy ) (6.18)
N/2
=2 Z (Pipy DY)

il
Now for the exchange part:

1 N 1 N/2 - -
5 Z<X:‘Xﬂ|w\xi/xi> =3 2 (Wi |@lpig;) + (Pipp[Dl;p;)
i’ ji’
+ (Pipy D) + Py D) (6.19)
N/2
= L (Wi [0lyyv)).
i’
Here, two of the terms in the last sum vanish since the spins do not
align.
We now obtain for the total RHF energy:

Erur = 2 Y (ilhlyi) + 23 (i |@lpiy) — Yo (i 1),
1 ij

ij
(6.20)

RHF energy decomposed into one-
body part, Hartree energy, and ex-
change energy
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Energy in AO basis

We now express the energy in terms of the AO basis. We then insert
the expansion (6.4) into Eq. (6.21). The result is:

Erur = ZZCTU(‘PMMCPV)CW +2 2 CinVj(‘PV‘PV|d’|4’7¢5)C%‘C5]'
nv uvyé

- 2 CpiCyj (Pupy || Ps ) Cy, Csj
nvyo
(6.21)

The matrix elements (¢, |t|$y) and (Puepv || ¢s) are called AO
integral tensors, and are usually computed by library routines. We
will rarely have to consider them in detail, as researchers have
already spent a lot of effort into handling them efficiently.

The Hartree and exchange terms look quite similar. Indeed, if we
define

1
[‘Pﬂ‘Pvm“Pv‘P&] = (‘Pﬂ‘i’vmkpv‘l’&) - 5(4’;1%‘“3@5‘%) (6.22)

we can write the energy more compactly as
Eretr = 2} Ci (Pulhlp)Coi +2 ) CuiCujlgugu @l ¢rs]Cr,C
uvi nvyoij
(6.23)

We now turn to the HF equation using a RHF ansatz. Recall the HF
equations:

fxj = €jx;.

We now use the definition of the RHF spin-orbitals to obtain

fpin = €1 (6.24)
fiB = exipi. (6.25)

We recall the Fock operator definition

f=h+o" -0

The Hartree and exchange operators do not change the spin of

a spin-orbital as can be seen from Egs. (5.28) and (5.25). Thus, if
we project (i.e., compute the inner product) of the HF equation
with a spin function, we see that we obtain two identical spatial
eigenvalue problems, except that the eigenvalues are €;_1 and ey;,
respectively. But ¢;(r) cannot have two different eigenvalues! We
therefore conclude that

€2i-1 = €2i = €,
and that the Hartree—Fock equation for the RHF case reads:

(h+ 0% — o) p;(r) = egi(x), i=1,...,N/2. (6.26)

RHF antisymmetrized electron-
repulsion integral tensor

The book writes J = v and K = v°*.
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Our next task is to express the RHF equation in an AO basis. To
this end, we begin by expanding the RHS,

RHS = €;;(r) = €; ZngbV (6.27)
We next project onto ¢y,:
(¢u|RHS) = ;eisyvcvi (6.28)
We have introduced the overlap matrix

Syv = (¢;¢|¢V> = /dr(PH (l‘)gb,, (1). (6.29)

We next consider the left-hand side, and we begin with the operator
Ji. We again introduce the AO expansion for ¢; and project onto u:

(@ulily) = [ dr @0k Y Cug (1) = E(@ulflg)Coie (630

We next turn to the Hartree potential, which involves the electron
density:
1) =21 |40 = L CiCopy(gs(r).  (631)
]

jvé

The Hartree potential becomes
Hr):/'ds p(s) =21.G,iCy /d 4’7 J95(8) 6 1)
. |r — o —s|
We now act with this operator on ;(r) and obtain:
ot (r)pi(r) = ZZCWC /d ‘Pv ZCW‘PV (6.33)
9]

Finally, we project onto ¢, (r) and obtain:

(b1 =2 ¥ Ty [ e [ asu P8
v (6-34)
=23 CyiCoj(puy|@lPvs)Cui
vovj
We next turn to the exchange operator:
e = fas DI BEE) ). 639)

Here, there is no factor 2, since in Eq. (5.28) the sum over spin w;
only gives a contribution for those spin-orbitals that have the same
spin as P (r)a (or ). Inserting the AO expansions gives

") Z C7jc5j/d 4)7 4)5( )‘Pv( 1)Cyj. (6.36)

Yovj s

RHS in AO basis

First part of LHS in AO basis

Second part of LHS in aO basis
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Projection onto ¢, finally gives

(Pul0™i) = ) %Céi/df/dSWW%(r)Cvj

Yyovj

= ) CyiCoi(puepr [@|pvps) Cu (6.37)

yovj

=) CyiCoj(putp | @I ¢pspy) Cui

vovj

In the last step, we renamed 6 <> v.

We now combine all the terms of the left-hand side as well as the
right-hand side, and obtain:

Y (@ulltlen)Coi +2 Y CyiCojlpupy|@Ipsu]Coi = €; Y (uldpu)Cuis

v Vo] v
(6.38)
where we introduced the antisymmetrized electron-repulsion inte-
gral (ERI) tensor from Eq. (6.22).
This equation is quite compact! But we can do better: We intro-
duce the density matrix as

Dy, = (2€CH),, =2Y"C,iC. (6.39)

Notice that the left-hand side of the RHF equations depend on
the orbitals through D,,,. We furthermore introduce several other

matrices:
Hyy = (‘PHM‘PV) (6.40)
Juw = (4’y|5H|4’V) = ZDM(‘PH‘PVWWV(P&) (6.41)
Yo
N 1 N
K = (9ul0™]¢p0) = 5 25 Dy (¢upr|@lgsp)  (6.42)
¥
Vin' = Jyv = Kuw = 3 Dy [9ppy [@0|9ups] (6.43)
oy
Fy = Hyy + V;]I/F (6.44)
We now obtain the following form of the Roothan-Hall equa-
tion (6.38): Roothan-Hall equation
FC =SCe, € =diag(ey,- - ,€ny2) (6.45)

Since column number i of C forms the MO coefficients of ;, we
write ¢; = C,;, ie.,

C - Cl C2 “ e CN/2 . (646)
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We can therefore write the Roothan-Hall equations as:
Fc; = €;Sc;. (6.47)

This may more clearly illustrate that we are dealing with a genarl-
ized eigenvalue problem: It contains an overlap matrix S instead of the
identity on the right-hand side. . Additionally, since F depends on
the solution, this is a nonlinear generalized eigenvalue problem.
We can choose to split the Fock matrix F into its constituents in
different ways:
F=H+V¥=H4+]-K (6.48)

We observe that F = F(D) = F(2CCM) depends on the orbitals
through the density matrix.

The RHF equations result in a number N /2 of HF orbitals. How-
ever, F is a square matrix of dimension equal to the number of AOs,
Nao. This matrix is Hermitian, so we can compute its eigenvectors,
resulting in a square matrix Cgy, (full diagonalization):

F(D)Ctun = SCypi€tunl-

Assuming that the eigenvalues are sorted according to increasing
eigenvalue (which is typically done by common Hermitian eigen-
value problem solvers), we then have that the first N/2 columns are
the occupied orbital MO coefficients. The remaining Nyo — N /2
columns are virtual orbitals:

Ceat = [C | Cyirt]- (6.49)

€full = diag(ell St leN/ZI eN/Z-i—]/ tt IeNAO)' (650)

€

Evirt

It is customary to use the index i for occupied MOs, and a for vir-
tual MOs. Thus the columns of C are denoted ¢; and the columns
of Cyirt are denoted c,. Similarly, the orbital energies are €; and ¢,
for the virtual orbitals. This is very handy for post-Hartree-Fock
methods. Thus, noting the naming of the summation index,

D =2CC" =2Y cicf!
i

and, the RHF equations for the occupied MOs alone become
F(D)C = SCe <= F(D)c; = €;Sc; (occupied)
and for the virtual MOs alone
F(D)Cyirt = SCyirt€virt <= F(D)cq = €,5c, (virtual)

and if we write the equations together, we get the full diagonaliza-
tion of the Fock matrix,

F(D)Cqut = SCrunéfun <= F(D)cp = €,Scp  (general).

Fock matrix split into plain one-body
operator and nonlinear Hartree and
Exchange matrices.
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We stress that the columns of Cy;; are the virtual orbital MO
coefficients, and are not part of the RHF wavefunction, but can
be used to produce better wavefunctions using Post-Hartre—Fock
methods like CI or coupled-cluster methods.

The RHF working equations (Roothan-Hall) are nonlinear equa-
tions that must be solved self-consistently. To see this, note that
the Fock operator F = F(D) is a function of the density matrix
D = 2CCH. So, if we compute the eigenvectors of F(D), we will
get a new matrix C’, and if C' # C, we have not solved our RHF
equations!

The standard approach is the self-consistent field (SCF) method,
where an initial guess C(?), with density matrix D%, is used to find
a new guess by diagonalizing F(D(?)), resulting in (1) and C(1).
The process is repeated with C(1), to yeld e(?) and C(?), etc., until
some convergence criterion has been reached.

Thus,

F(D)cM = scMeM
F(DM)C® = 5c@e?

F(D(H))C(Tl+l) — Sc(ﬂ+1)€(ﬂ+l)

Each iteration is costly, requiring the solution of a generalized
eigenvalue problem FCgy = SCpyy€sa, Which costs on the order of
N3 FLOPs to diagonalize the Fock matrix. Moreover, the iterations
may not converge. It is therefore usual to implement extrapolation/-
convergence acceleration methods. In quantum chemistry, the most
common method is direct inversion in iterative subspace (DIIS) in-
vented by P. Pulay. We will not discuss this scheme here.

In Section 3.4.5 of Szabo & Ostlund, the generalized eigenvalue
problem is converted to a standard eigenvalue problem F'C’ = C'e
via orthogonalization. We will not cover this procedure here. It is
possible to avoid orthogonalization by solving the generalized
eigenvalue problem directly.

We now consider the task of solving the RHF iterations via SCF
iterations. A choice has been made regarding

® The molecule: The nuclear positions and the total number of
electrons, an even number.

e The AO basis set.

87



88 LECTURE NOTES IN QUANTUM CHEMISTRY

In order to perform the SCF iterations, the following ingredients
must be at hand, obtainable via library functions that we will not
code ourselves. PySCF can readily give us these ingredients:

¢ The matrix elements H,, of the one-body Hamiltonian, often
called the core Hamiltonian

¢ The overlap matrix elements S,
* The ERI tensor (¢, ¢ |D|dpveps)

To bootstrap the SCF iterations, one needs an initial guess for
the density matrix D = CCH. A natural choice is obtained by
diagonalizing the core Hamiltonian, which amounts to ignoring the
electron repulsion:

DO = cO(COYH — HCO = 500, (6.51)

In Python, one would do something like:

# Import generalized eigenvector routine
from scipy.linalg import eigh

# Perform complete diagonalization.

# This routine solves H C = S C E,

# and returns eigenvalues sorted according
# to increasing value.

E_occ_and_virt, C_occ_and_virt = eigh(H, S)

# Extract the first N//2 eigenvectors
C = C_occ_and_virt[:,:N//2]

# Compute density matrix
D=2®*c¢Ca@C.T

In order to do an SCF iteration starting from a guess D(") of the
density matrix, one now must:

1. Compute the Fock matrix F(D(") = H+ J(D™) — K(D™)). This
is typically done using for loops, or contraction routines such as
np.einsum for a faster alternative.

2. Diagonalize the Fock matrix:

(n+1) (n+1) (n+1)
FCin " = SChan " €qun

3. Extract the occupied MO coefficients, assuming that g < 7 <
(n+1) _ 1) | cn+1)
Cf::ll - [C(n+ ) | Cv?rt ]

See the above code snippet for the diagonalization of the core
Hamiltonian for the general procedure.

4. Compute the new density matrix D("*1) from the occupied MO
coefficients.

5. Determine if the iteration has converged. This can be done in
several ways:
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® Check if the MO coefficient matrix has converged, i.e., if
cntl) _ c) jg sufficiently small using, e.g., np.linalg.norm

e Check if the HF eigenvalues have converged, i.e., if e"+1) —
(" is sufficiently small, using, e.g., root mean square (RMS)
error, or maximum absolute deviation (MAD).

6. If the iteration has not converged, or if the maximum number of
allowed iterations nmax have been reached, set n <+ n + 1 and
repeat from the top.

In many cases, the SCF iterations fail to converge, or they converge
slowly. It is common to apply the direct inversion in the iterative
subspace (DIIS) acceleration technique due to P. Pulay to overcome
non-convergence. The idea is that after a number of iterations g
(typically a handful, 4-7), these iterations are combined to a better
guess. The SCF iterations then proceed using this better guess. The
DIIS acceleration is then located typically after point 3. in the above
iteration outline.

DIIS is defined for general iteration schemes: Suppose we want
to solve f(x,) = 0, and we have guesses x;, i = 1,2,...,1pys
available, together with error vectors e;, such that x; ~ x. + e;.
These errors are of course not known exactly. The idea is to find
coefficients ¢; such that }_; c; = 1 and set

npIs
XpIIs = Z CiXj.
i=1

The cefficients c; are chosen so that the resulting error is minimal,
ie.,

|| ZcieiH = min!
i

Why do the coefficients have to sum to 1? Consider that for all
iterations,
X; & X« 1 €.

The DIIS guess satisfies
Xx ~ XDIIS — €DpIS = ZCiXi — €pIIs = Zcix* + Zciei — €pIis-
i i i
We see that unless } ; ¢; = 1, the error terms will not be small.
The DIIS algorithm is a constrained optimization problem with
Lagrangian

L(cy, -+ 'CHDHSIV) = || Zciein - V(Zci —1).
1 1

Here is a generic Python implementation:

def diis_extrapolate(x_list, e_list):
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Perform DIIS extrapolation given a list of
solution vectors and corresponding error
vectors.

Parameters:
x_list : list of np.ndarray
List of previous solution vectors.
e_list : list of np.ndarray
List of corresponding error/residual
vectors.

Returns:
np.ndarray
The DIIS-extrapolated solution vector.

nun

m = len(e_list)

# Build the B-matrix from error inner products.
B = np.empty((m, m))
for i in range(m):
for j in range(m):
# Use ravel() to ensure the vectors are
1-D
B[i, j] = np.dot(e_list[i].ravel(),
e_list[j].ravel())

# Construct the augmented matrix for the DIIS
linear system:

# [ B -1 1]

# [ -1+AT 0 ]

A = np.empty((m + 1, m + 1))

A[l:m, :m] = B

Al:m, m] = -1.0

A[m, :m] = -1.0

A[m, m] = 0.0

# Right-hand side: zeros except for the last
element being -1.

rhs = np.zeros(m + 1)

rhs[m] = -1.0

# Solve for the coefficients (the last entry is
the Lagrange multiplier)

sol = np.linalg.solve(A, rhs)

coeffs = sol[:m]

# Form the extrapolated solution as the linear
combination of past iterates.

x_new = np.zeros_like(x_list[0])

for ¢, x in zip(coeffs, x_list):
X_new += c * x

return x_new

For SCF iterations, the guesses x; are the iterates C (”+i_1), and
the error vectors are the corresponding residuals of the Roothan—
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Hall equations,
R = F(DM)ct) — gcmeln),

Even if these are not exactly “error vectors”, since R do not es-
timate the error in C(") directly, the residual typically “behaves
like” the error, especially close to the solution, in the sense that the
residuals and errors are roughly linearly related.

In unrestricted Hartree-Fock, the « and B parts of the HF equations
are no longer identical. Instead they will be coupled through the
Hartree potential.

We here summarize the equations, but will not do a detailed
derivation.

We consider the general case where there are N, and Nj spins of
each type. We expand the orbitals:

Zczﬁbv , 1=12,..., Ny (6.52)
= ZCvi‘Pv r), i=12,...,Ng (6.53)
v

We define & and 8 density matrices:

D* = c*c*H e, Dy, = Z C;j‘]c; ; (6.54)

B Bt b \oBF
DP =CPCP”, ie, Dy, = ZlCV]CW (6.55)
D = D* + DF. (6.56)

The Roothan-Hall equations become the Pople—Nesbet equations

(H+] —K")C" = SC"e" (6.57)
(H+ ] —KP)CP = SCPeP. (6.58)

Here, the exchange operator depends on spin:

K = ) D3, (@upy | 01pspy) (6.59)
7

Kiy = Y D5 (¢utpy|@]psn)- (6.60)
Yo

For RHF, we have N, = Ng = N /2. Additionally, D% = DP =
D /2. We see that the & and § parts of the Pople-Nesbet equations
become identical to the Roothan—-Hall equations, and thus there is a
solution C¥ = CP = C (where C is the RHF MO coefficient matrix)
to the Pople-Nesbet equations.

There are often other solutions as well. This is investigated for
the hydrogen molecule in the next section.
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We will now do a study of the RHF and UHF model in a minimal
basis for the hydrogen molecule with H atoms 1 and 2 located a
distance R from each other.

In a minimal basis, there is exactly one AO per electron for the
H atoms: A single 1s function centered at proton 1, and a single
1s function located on proton 2. Using the STO-3G basis set, each
1s function (a Slater-type orbital) is approximated with 3 primitive
gaussians. We obtain 2 AOs ¢;(r) and ¢, (r). (Here, the numbering
is conveniently associated with a nucleus. This is not in general
true, of course.)

Form of the MOs

For RHE, there is a single doubly occupied MO:
P1(r) = c11¢n (x) + cro¢p2(x).

|[@FHE) = i)

Appealing to the symmetry of the problem, the charge density
must be symmetric about the inversion point located at R/2. This
implies that

C11 = iCu.

Physical intuition tells us that energy is lowered by having a sym-
metric and nodeless MO, i.e., c;1 = c12. This holds for all internuclear
distances R. This MO is illustrated in the margin to the right.

We observe, that at very large separations, say a lightyear, the
MO is still on this form, indicating that each electron is forced to be de-
localized, with probability 1/2 to be at each nucleus. This is absurd,
and reflects that RHF is not size-consistent, which we discuss below.

We now turn to UHF. For UHE, we have separate a« and g MOs,
each singly occupied. These are free to vary:

P () = i (1) + g (x),
PP (r) = 1 () + Dypa (1),

|QUHF) — [t phy

As previously discussed, there is a solution to the UHF problem
where ] = tpf = ¢! (from the RHF model). However, when

the atoms are very far apart, a solution appears where 7 ~ ¢
and zpf ~ 1. This solution is energetically more favorable. Thus
each atom has a single localized electron, which is the physically
reasonable situation. Importantly, this type of solution is not possi-
ble in RHE which constrains orbitals to be doubly occupied. This
illustrates that for this molecule at least, the UHF model is size-
consistent, as discussed further below.

He oH
R
P1(r)

Bonding MO, c11 = c12.
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Plot of the RHF and UHF energy curves

Here is a plot of the UHF and RHF energy curves for the hydrogen
molecule. We have also plotted the expectation value of $? — the
total electron spin, for each calculation.

—— RHF
UHF

—-0.41
—0.6 1
—-0.81

Energy / Hartree
"
o

1.00
—— RHF

0.751 UHF
<, 0.50

0.25 1

0.00 1

05 10 15 20 25 30 35 40
R / Angstrom
We have marked a point, Rg ~ 1.15 A, where it seems like the
UHEF solution starts to deviate from the RHF solution. Indeed, for
R < Ry, the RHF solution is obtained from the UHF calculaton:
P = 1/)1’3 . For R > Ry, the UHF solution no longer matches the RHF
solution: f # lpf .

Recall that for two electrons, the total spin is either 0 or 1 for an
eigenfunction of the Hamiltonian. It is desirable that approximate
wavefunctions are eigenfunctions of spin, too. The total spin of
RHEF is always zero. This is because all orbitals are doubly occu-
pied. We say that the RHF wavefunction is a singlet. But in the plot
we see that the UHF wavefunction is in general not an eigenfunction
of spin! In fact, we see that at Ry, the spin suddenly starts to grow,
and gets closer to 1 as R — +o0. The UHF wavefunction makes a
gradual transition from a singlet to a triplet state! Another way of
saying this is that UHF becomes spin contaminated.

The correct ground-state wavefunction for the hydrogen molecule
is the siglet state near equilibrium, correctly predicted by RHE, but
a triplet at large separations, which RHF is not able to describe.
Note the artificially high energy for RHF in the dissociation limit.

Size-consistency

In the above example, RHF was not size-consistent: As we pull the
molecule apart, the ground-state energy computed is not equal to
the ground state energy of two isolated atoms. In UHF, on the other
hand, this is the case. Each electron is localized on its proton in this
limit.
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Size-consistency is an important concept in electronic-structure
theory. A computational method that is not size-consistent will
often yield unphysical results as we move around the potential
energy surface.
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Exercise 1: Deriving the Roothaan—Hall equations for RHF using La-

grange multipliers

In Lecture 5, the continous Hartree-Fock equations were derived by
taking general variations in the single-electron functions that satis-
fied the constraints. We then projected these equations onto the AO
basis in the current lecture, Lecture 6. Notably, we did not derive
the Roothan-Hall equations. We will now derive the Roothan-Hall
equations using the method of Lagrange multipliers. You learned
about the method of Lagrange multipliers in the exercises of Lec-
ture 5.

Assume an AO basis {¢y(r) }5:1 and an RHF ansatz with N even
andi=1,...,N/2,

Xoic1(r,w) = pi(r)a(w),  xai(r,w) = Pi(r)p(w),
where each spatial MO is expanded as
Pi(r) = chi‘l’y(r)~
K
Define AO overlap and one-electron integrals
Sw = [Argumur), = (gulhigs) = [ drgu(eThu(x),
and two-electron AO integrals

(Ouollrs) = [ ey EVPD 1) (02)

12

Use the RHF antisymmetrized tensor (as in the lecture)

. R 1 R
[Duu| @1y ] = (v |@|pr@s) — 5 (Puv|D|Pspy)-
Assume the RHF energy written in the AO basis is

Erur[C] = 22@}% Cyi+2 Z wacil/] [¢ﬂ¢v|w|¢7¢5] C,iCsj-
uvi uvyéij

Problem 1: The orthonormality constraint in an AO basis
1. The RHF MOs are required to satisfy

($il;) = dij.
Show that in the AO basis this becomes

Y Cui Suv Coj = 3.
]/H/

2. Write the same condition in matrix form. Let C be the K x (N/2)
matrix with entries C,;. Show that the orthonormality condition
is

cfsc=1,
where S is the AO overlap matrix and I is the (N/2) x (N/2)
identity matrix.
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Problem 2: Set up the variational problem with Lagrange multipliers

1. LetA = (A;j) (dimension (N/2) x (N/2)) be a matrix of La-
grange multipliers. Explain how the following functional is the
proper Lagrangian functional to rewrite the constrained opti-
mization of the RHF energy as an unconstrained optimization

problem:

L(C,A) = ErelC] -2} Ay ((%I%’) - 5:‘1)'
L]

2. Rewrite the constraint term entirely in AO quantities. Hence

express L only in terms of Cy;, Cy;, Ajj, and the AO tensors.

3. A is expected to be Hermitian at a stationary point. Can you
explain this?

Problem 3: First variation of the Lagrangian

We now perform the unconstrained variations, treating C,; and C;
as independent variables.

1. Show that

5(9il;) =Y 6Cyi Spv Cuj + Y Cpii S 6C,.
uv uv

2. Show that the first-order variation of the one-electron energy

term is
SEMD — 9 Z‘Sqih}w Ci+2 Zghyv 0Cy;.
i i

3. Consider the two-electron energy term

E® =2 Y CuCyjgugul@lgs] CiCo.
uvydij

Compute the part of SE() that is linear in 6C,,; (hold 6C = 0).
Write your answer as

(515(2)’(5E = 225(71. (- i
ut

where you must identify the expression (- - ),; explicitly as a
sum over AO and MO indices.

Problem 4: Introduce the RHF density matrix and the Fock matrix
1. Define the RHF AO density matrix
N/2
P’Yé =2 Zl C'yj Cg;]‘.
=

Explain briefly the origin of the factor 2.
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. Using P,s, show that the object multiplying 6C,,; from Problem
3.3 can be rewritten in the form

Z Gpn/ Cui,
v

where

Guv = Y Pys [pucpy || ps]-
Yo

. Define the RHF Fock matrix in the AO basis as
FHV - h;ﬂ/ + G;,ﬂ/.

Rewrite F,, in terms of Hartree and exchange terms, exhibiting
Pyy in the resulting expressions.

. Show that the part of §Egpr linear in 6C,,; can be written com-
pactly as

SERHF| ;e =2 ), 6Cyi Fuv Cuie
uvi

Problem 5: Stationarity condition and the Roothaan—Hall equations

1. Write the part of £ that is linear in 6C,;:

0L e =2, 0Cui Fuv Coi =2 ) Aij ) 0Cyi Spw Cj.
uvi i)j w

2. Use the fact that 6C,; are arbitrary numbers to show that 6£ = 0
if and only if

ZFP‘VCW = ZZSP‘VCVfAfi for all U, i
v voj

. Show that this equation has the matrix form
FC = SCA.

This is the Roothaan—Hall generalized eigenvalue problem for
RHE.

. Show that if you choose a unitary transformation among the
occupied orbitals that diagonalizes A, then the equations become
the canonical Roothaan—-Hall equations

FC = SCg,

where ¢ is diagonal with elements €; (orbital energies).

Problem 6: Self-consistency

1. Explain why the Roothaan-Hall equations are not a single linear
eigenvalue problem: which matrix depends on the solution C
itself?

2. Using your definition of P,s, explain briefly how a practical RHF
algorithm iterates: C -+ P — F — C.
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Lecture 7: Computing expectation val-
ues in Hartree—Fock & Gaussian ba-
sis sets

What we obtain in a Hartree-Fock calculation is a set of (spin-
)orbitals, that together comprise the (approximate) wavefunction of
the system. The wavefunction is the state of the system, the totality
of information we need to make any physical prediction.

Physical quantities that we can measure are called observables.
These are represented by Hermitian operators. Examples include:

* Kinetic energy, T = YN, #(i).
* Nuclear potential energy, Ve = Zf\il Vaue(1;)
* Total electronic energy, with operator H
: . A «N-1¢N -1
* Electronic repulsion energy, W =Y, Y75 |11 — 12
¢ Total electronic energy, with operator Ay=T4 Vaue + W

¢ Dipole moment, a vector-valued observable, with operators

ft= (ﬁx’ ﬁyr ﬁX)’

=

I
—

ﬁ:e I;.

1

In atomic units the elementary charge is e = —1.

Many observables are obtained from classical observables by means
of operator substitution. All the examples above are of this type.

The expectation value of an observable Q) when the state of the
system is [¥) is

(Y|OY)
Q) = W (7.1)

The expectation value is the mean outcome of a large number of
identical experiments on identically prepared systems. However,
the individual outcomes of an experiment are eigenvalues of the
operator.

It is important to realize, that the wavefunction itself is not an
observable. There is no experiment on a quantum system we can do
to reveal its wavefunction.
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Electronic energy

The most immediate observable we have access to is the total elec-
tronic energy. Indeed, this is the observable that we minimize, so its
expectation value is just the Hartree—Fock energy. Introducing the
density matrix into Eq. (6.21), we obtain

N 1 1
<H> = HZVD}H/HUV + E HZVD;H/VJ_}I!F = Tr(DH) + E TI'(DVHF) (72)
Make sure you see from Eq. (6.21) where the factor 1/2 comes from!
In general, the density matrix has an « and 8 component,
Dyy = D, + Dl

and in RHF the two components are identical, while in UHF they
may differ.

It is in general true that the expectation value of a one-body
operator A = "N | 4(r;) is obtained as

‘i(i)|q)HF> =Tr(DA), Ay = <4’H|ﬁ|4’1/>'

=8

(A) = (@M
1

Here, it is assumed that the operator A does not act on spin. On the
other hand, the Roothan-Hall equations state that

(H + VHE)C = SCe.
Multiplying with CH from the left, we see that
CH(H +HF)C=e.

Taking the trace, we obtain:
N/2 1
Y & =Tr(CH(H+VTH)C) = 5 Tr(H + vHRD).
i=1
Here, we used that CCH = D/2, and that Tr(XYZ) = Tr(ZXY).
From this we obtain:

N/2 1 HF
Erpp =2 ) € — ETT(V D). (7:3)
i=1
Thus, the sum of the orbital energies is not the total Hartree-Fock
energy!

Adding nuclear repulsion energy

The total energy of a molecule in the clamped-nuclei approximation
also includes nuclear repulsion energy. Since the nuclei are treated
classically, this is just a constant shift of the electronic energy, inde-
pendent of the electronic wavefunction:

Natom—1 Natom 7 AZ5

Rp|’

Ewot({Ra}) = Erur({Ra}) + —
A=1 B=A+1 [RA

(7-4)

Recall that the trace of a matrix is
the sum of its diagonal elements: If
A= [Am/} is a matrix, then Tr(A) =
Y Ay The trace satisfies Tr(AB) =
Tr(BA).

The density matrix is a general con-
cept, and can be defined for any ab
inito quantum chemical method, not
only the Hartree-Fock method, in such
a way that expectation values take this
form.
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This energy is usually included in the RHF energy. This is true for
PySCE in particular. Note that for geometry optimization, where
we try to determine the geometry of a molecule at the minimum
total energy, this is the relevant energy to optimize.

The classical dipole moment of a collection of charged classical
particles with coordinates r; and charges g; is given by

= Zqz‘ri- (7.5)

In electronic-structure theory, the nuclei are classical, while the elec-
trons are quantum mechanical, leadint to the total dipole moment

ot = (FIA[Y) + ) ZaRa. (7.6)
A

Using the above formula for the electronic expectation value in
terms of the spatial density matrix, we obtain

(Flu¥) = D D (@ulrelpn), k€ {xy,2} (7:7)
wv

We see that in addition to the (spin)orbitals of our HF calculation,
we also need the integrals of the operators x, y, and z in the AO
basis. This is easy to obtain using integration libraries.

The above expression is valid for RHF, UHF, and GHF.

Spin and space density

Consider a Slater determinant built from spin-orbitals. It gives spin-
dependent density matrices D* and DF, such that the total density
matrix is D = D* + DP. Where does the term “density matrix”
come from? The answer is that it is the basis expansion coefficients
of the density p(r):

p(r) = ZDW‘PV(I')‘PV(I')' (7.8)
v

Why is the density useful? Let us look at the expectation value of a
local potential v(r),

R N
V= Zv(ri).

i=1

N
(V)= Z/dxl codny @I (xp, -+, xn)o(x) T (xp, -+, x)

n N (7.9)
= L Oglelg) = L [ drlxgo ) Pote),
=

j=1w
where we used the Slater-Condon rules. For UHE, half of the y;
have spin m; ; = «, and spatial MO coefficients C*, and the rest have
spin m; ; = 8, and spatial MO coefficients Ch:

X2i1 =), Cpyila).
z
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Xoi = Zcﬁi B) -
[z

N —_—
Y Y i w) P = Y YT + CﬁijJ}gby(r)(p,,(r)

] w

Z Da + Dyv 4’#( )W (7.10)
—ZDway )¢y (x) = p(r).

We now compute the expectation value as an integral, and obtain:

= [ pwe(). (7.11)

For RHF, we only get the slight modification that D* = DP.
For UHF/RHF we observe the interesting fact that

D*SD* = D%, Tr(D*S) = N, (7.12)

DFSDF = DF, Tr(DFS) = Np. (7.13)

More generally, the density can in turn be viewed as the expecta-
tion value of the density operator p(r),

N
0) =3 8 (r—r).
i=1

That is, the expectation value of a “potential” which is zero every-
where, except at the position ry, where it is “infinite”. The density
can thus be defined for all quantum mechanical methods, not only
Hartree-Fock, and its expression will depend on the method in
question.

The delta “potential” can now be used as a basis for expanding a
general potential! Write

= /ds v(s)83(r —s).

Then we compute

/dsv 53r—s /dsv

This shows the universality of the expectation value of a one-body
potential as an integral over the density. This will become very
useful when we learn about density-functional theory!

We have previously briefly discussed gaussian basis sets. We now
do a slightly more comprehensive discussion.
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Numerical vs. algebraic approach

There are two basic approaches to parameterizing a molecular or-
bital: The “numerical approach” resolves the MO on a grid. This
is feasible only for atoms or linear molecules, where the molecule
possesses a high degree of symmetry. In these cases, the numerical
approach can yield highly accurate results. Numerical approaches
include finite difference methods, finite element methods, pse-
dospectral methods, and so on. We will not have opportunity to
discuss numerical approaches in this course.

For other molecules, the “algebraic approach” remains the only
feasible method. Here, the MO is expanded in a a fixed set of basis
functions,

9= Y.CLpu()]0), o< {a ).
I

These functions are called “basis functions” since they are inter-
preted as the basis for a finite-dimensional space of functions.

What basis functions are “good” basis functions?

Firstly, a good basis set should be systematically extendable
towards a complete basis set, that can resolve any one-electron func-
tions. It is unavoidable that any complete basis set is infinitely
large, since one-electron Hilbert space is infinite dimensional.
Mathematically, a complete basis set is such that for any one-

electron function ¢(r), and for any € > 0, we can find coefficients ¢,

such that .
[ — Z cuull <e.
u=1

Secondly, the systematic extension of the basis set should lead
to rapid convergence for MOs, so that only a small number of basis
functions are needed for highly accurate calculations.

Thirdly, the basis functions should be easy to manipulate and
use in various calculations, such as evaluating integrals needed for
quantum chemical calculations.

Orthogonal or near-orthogonal functions are better than highly
non-orthogonal functions. It should be possible to invert the over-
lap matrix without much problems.

In practice it is hard to satisfy all requirements at the same time.
There are always compromises in quantum chemistry.

Atom centered basis functions

The by far most common approach in the algebraic approach
is to use “atomic orbitals” that are centered on the atoms in the
molecule. This is natural, as molecules consist of atoms, and since
each atom after all remains a largely identifiable unit of a quan-
tum mechanical molecule. Thus, a good description of each atom
should give a good description of the overall molecule — at least in
principle!

It is important to realize, that even if the basis functions are
called “atomic orbitals”, they do not have to have any physical sig-

The phrase “numerical” has for
chemists the connotation “grid re-
solved MOs”. This is rather uncom-
mon, and proably arose historically in
the dichotomy between the analytic
simple “algebraic approach” and the
use of a grid, where the basis functions
were “numerical” rather than “analyt-
ical”. In science, “numerical methods”
comprise all computational methods
that use finite precision arithmetic —
even the use of AO basis sets!
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nificance, i.e., they are not exact solutions of some important physi-
cal problem. Their name is largely historical, and their sole purpose
is to give a fast convergent, practical, and physically reasonable
description of molecular wavefunctions.

If we consider a single electron atom (such as a hydrogen atom),
the exact eigenfunctions are on the form

lpnlm (1’, 0, 4)) = Ry (r)Ylm (9/ Qb)/

where R,;(r) is a radial function, and where Y}, is a spherical har-
monic. This angular symmetry is also inherited for Hartree—Fock
calculations on neutral atoms or ions. It is therefore natural to seek
atomic orbitals with spherical symmetry.

If we consider an N-electron atom, and the desire to let ¢,,,,
be Hartree-Fock eigenstates for the atom, we know that R,;(r) is
in general continuously differentiable and exponentially falling
offasr — 409, i.e., it behaves line exp(—pr) for some g > 0.
For small 7, it behaves like ! due to the boundary conditions for
nonzero angular momentum. How does it behave for intermediate
r? It turns out that any radial function can be expanded in Laguerre
functions, leading to Slater-type orbitals. We discuss this below, after
dealing with the angular part first, since this is the simplest, and
really fixed once and for all.

The angular part

The angular part of the AOs can be taken to be spherical harmonics
in some form or another. (There are different ways to write them.)
The spherical harmonics Y, (6, ¢) are eigenfunctions of the orbital
angular momentum operator L2 and its z-projection L;:

L2Y1 (6, ¢) = 1(1 +1)Y1,(6, ), (7.14)
L1y = mYy,,(6, ). (7.15)
We have
I I —m)! .
Yo (6,0) = 1/ 2 4;1 El - Z; Pf"(cos6), ¢ (7.16)

where P"(x) are the associated Legendre polynomials. The numbers !
and m satisfy
1=0,1,2,---, |ml <l

There is a very nice generating expression for the associated Legen-
dre polynomials, called a Rodrigues expression,
—1)™" qgl+m

(
le(x) = o1 (1 _x2)m/2dx1+m

(x* = 1) (7.17)

The radial part R,;;(r) depends only on the principal quantum
number 7 and the total angular momentum /. A fixed I constsitutes

An alternative exists in using cartesian
coordinates.
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an angular momentum shell. In other words, for a fixed /, there are
2] +1 functions with the same n and I. Thus, R,; gives rise to 2/ 41
AOs with identical radial part.

As previously mentioned, the radial part behaves like exp(—_r)
for large r, and is continuously differentiable. A complete set of
functions are the Laguerre functions, given by

(n—1-1)!

Laguerre . 3/2
R, (r) = (20) [CESESM

nl

(20r)'L7  (207) exp(—Gr).

Here, Liljlz_ , are associated Laguerre polynomials of degree n — [ — 1.
These functions are also orthonormal, and lead to rapid conver-
gence of the expansion of MOs.

Completeness means that

(e )
R(i’)z Z CnR];?guerre(ﬂ'
n=I+1

Elaguerre(r), we see that the

factor (2¢r)! makes the total polynomial prefactor being of the form

Looking at the radial Laguerre function R

a0(20r) + - -+ + a1 (20r)" !

leading to a polynomial of degree n — 1. Thus, we can instead work
with AOs that have monomial prefactors (2{r)¥, with k ranging from
[ to infinity. The monomials also constitute a complete basis, which
is simpler, but no longer orthonormal. This leads to Slater type
orbitals: 32
20) ,
RSTOr:(72r”1ex—r. .18

o0 = a2 o). a9
The prefactor is chosen so the STO is normalized. The complete AO
including angular parts becomes

P (r,0,¢) = RSO (r) Yy, (6, ). (7.19)

By varying n, the original Laguerre basis functions can be reob-
tained. The STO orbitals are therefore complete.

The complicated-looking normalization factor makes each STO
normalized, but they are not orthogonal for different n.

The Slater-type orbitals are ideal for flexibly representing physically
correct atomic orbitals. They have the correct physical behavior for
both small, intermediate, and large r. However, they are not so easy
to compute with. For example, electron-repulsion integrals become
quite cumbersome. So cumbersome in fact, that STOs are not that
popular.

An alternative exists in Gaussian type orbitals (GTOs). These are
popular because gaussian functions are able to approximate almost
any function by taking linear combinations. Moreover, they lead to
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analytical integrals, that are computed extremely fast with modern
algorithms, needing only a few CPU cycles per integral!

They do have the drawback that they are not able to describe the
cusp of STOs and electronic wavefunctions in general at r = 0, and
that they fall off too fast as r — +oo0.

Let & > 0 be an exponent, and define the spherical primitive gaus-
sian as

Satns (720,9) = R Yiun (6,9). (7.20)
The radial part is
RS = Nal”lewrz« (7.21)

The normalization constant is

(m)l+3/2 2l+2

N =37 [+ 1)

(7.22)

Let I be given. We wish to define a set of AOs with this angular
momentum. We define a vector oci (which has different lengths M;
for each I) of exponents. Then, we define the radial part of the AOs
for quantum number ! (and m) as a linear combination of gaussians
with these exponents:

M
Ry(r) =Y, dmeS;cho(r), n=12,...,N. (7.23)
k=1
This results in a total of N; x (21 4+ 1) AOs with angular momentum
I:
47nlm(r) = RnlYlm(9/¢)/ |m‘ S ll n= 1/2/"‘/Nl' (724)

Example: STO-3G

Basis Set Exchange is an online databases of gaussian basis sets for
quantum chemistry. Let us look up an example, with the STO-3G
basis set for hydrogen and beryllium. This basis set would then
be used for a calculation on compounds such as BeH, (which is a
typical benchmark model system).

#

# Basis Set Exchange

# Version o.11

# https://www.basissetexchange.org

#

# Basis set: STO-3G

# Description: STO-3G Minimal Basis (3 functions/AO)
Role: orbital

Version: 1 (Data from Gaussianog)

S

BASIS "ao basis" SPHERICAL PRINT
#BASIS SET: (3s) —> [1s]
S

H
0.3425250914E+01 0.1543289673E+00
0.6239137298E+00 0.5353281423E+00
0.1688554040E+00 0.4446345422E+00
#BASIS SET: (6s,3p) —> [2s,1p]
Be
0.3016787069E+02 0.1543289673E+00
0.5495115306E+01 0.5353281423E+00
0.1487192653E+01 0.4446345422E+00
Be SP
0.1314833110E+01 -0.9996722919E-01 0.1559162750E+00
0.3055389383E+00 0.3995128261E+00 0.6076837186E+00
0.9937074560E-01 0.7001154689E+00 0.3919573931E+00

END

Lone 1—10 form a comment block. Line 13 states that an AO basis
in spherical coordinates are given. At line 14, a comment states

Chemists are always ready to throw
some important physical properties
out of the window if it can allow
calculations that are faster, on larger
molecules, still retaining accuracy!

https://www.basissetexchange.org/
basis/aug-cc-pvtz/format/nwchem/
?version=1&elements=1, 4


https://www.basissetexchange.org/basis/aug-cc-pvtz/format/nwchem/?version=1&elements=1,4
https://www.basissetexchange.org/basis/aug-cc-pvtz/format/nwchem/?version=1&elements=1,4
https://www.basissetexchange.org/basis/aug-cc-pvtz/format/nwchem/?version=1&elements=1,4
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that we take 3 primitives of angular momentum !/ = 0 (s functions)
and build 1 AO with I = 0. This is an approximation to an STO,
hence the name of the basis set. Line 15 states that we give a basis
for hydrogen (H) with [ = 0 (S). Next follows the specification:

The first column is ag, and the second column is dgn, the expansion
coefficients for the nth function, and there is only one function here.
In total we get 1 AO for the H atom, since [ = 0.

At line 19, another comment states that we take 6 s functions and
produce 2 s AOs, and 3 p-functions and produce 1 p function.

At line 20, the beryllium basis starts, and the format is identcal
to the previously discussed part for the hydrogen atom.

At line 24 starts a block labeled SP, which means that the expo-
nents are used both for an s function and a p function. Thus, the
first column contains the exponents, the second column expansion
coefficients for an s-function, the third column contains a p func-
tion.

The SP block could have been split in two blocks, one S block
and a P block, but in the current format, some storage space is
saved.

What do the functions look like?

TODO: Insert a visualization

Example: Dunning basis sets.

Wheras the STO-3G basis set is “minimal”, containing just enough
functions for a Hartree-Fock calculation, correlated calculations
using DFT, coupled-cluster theory, or CI theory requires larger
basis sets. A popular family of basis sets is the Dunning correlation
consistent basis sets cc-pVXZ:

cc= “correlation consistent”
p= “polarized”
V= “valence”-only correlation

XZ= quality level, starting at DZ (double-zeta), TZ (triple-zeta),
etc. Each level includes more and more valence polarization
functions, i.e., higher angular momenta.

If the prefix “aug-" is added, then diffuse functions are added.
These are useful for improving long-range interactions, since the
gaussians decay too fast for large r. The key idea is to obtain sys-
tematic convergence towards the complete basis set limit (CBS
limit). The prefix “d-aug-" gives double augmented basis sets, with
very diffuse functions.

Let us look at the aug-cc-pVDZ basis set for Be and H:

BASIS "ao basis" SPHERICAL PRINT
#BASIS SET: (5s,2p) —> [3s,2p]
H S

1.301000E+01 1.968500E-02 0.000000E+00

1.962000E+00 1.379770E-01 0.000000E+00

4.446000E-01 4.781480E-01 0.000000E+00

1.220000E-01 5.012400E-01 1.000000E+00
H S

0.0297400 1.0000000
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H r
7.270000E-01 1.0000000
P
0.1410000 1.0000000
#BASIS SET: (10s,5p,2d) —> [4s,3p,2d]
Be
2.940000E+03 6.800000E-04 —1.230000E-04 0.000000E+00
4.412000E+02 5.236000E-03 -9.660000E-04 0.000000E+00
1.005000E+02 2.660600E-02 —4.831000E-03 0.000000E+00
2.843000E+01 9.999300E-02 —1.931400E-02 0.000000E+00
9.169000E+00 2.697020E-01 —-5.328000E-02 0.000000E+00
3.196000E+00 4.514690E-01 —1.207230E-01 0.000000E+00
1.159000E+00 2.950740E-o01 —1.334350E-01 0.000000E+00
1.811000E-01 1.258700E-02 5.307670E-01 0.000000E+00
5.890000E-02 -3.756000E-03 5.801170E-01 1.000000E+00
Be
1.790000E-02 1.000000E+00
Be
3.619000E+00 2.911100E-02 0.000000E+00
7.110000E-01 1.693650E-01 0.000000E+00
1.951000E-01 5.134580E-01 0.000000E+00
6.018000E-02 4.793380E-01 1.000000E+00
Be P
1.110000E-02 1.000000E+00
Be D
2.354000E-01 1.0000000
Be D
7.220000E-02 1.000000E+00
END

We have dropped the header block for simplicity.

Lines 3-13 define the H basis set. There are 2 S blocks, and 2 P
blocks. The first S block defines 2 s-functions in terms of 4 primitive
gaussians, while the next S block adds a single diffuse gaussian
(note the exponent value). The P blocks contain one gaussian each.
The last block is the diffuse function.

The two diffuse functions are not present in the un-augmented
basis cc-pVDZ, otherwise the AOs are identical.

Lines 15-27 define the Be basis set. The first block defines 3
S functions in terms of 9 primitives, and the next block has one
single diffuse S function. It is interesting to note that the second S
function has both positive and negative coefficients, signifying at
least 1 node in the radial function!

The P blocks are similarly defined, and we also here have 2 D
blocks, with [ = 2.




Lecture 8: Configuration interaction

Suppose we have done an RHF or UHF calculation, resulting in a

set of N occupied spin-orbitals yx;(r) and a remaining set of N, = We set N, = N and N, = 2Nao — N.
2Nao — N unoccupied/virtual orbitals x,(r). Only the occupied

orbitals take part in the Slater determinant that is the Hartree-Fock

state:

@) = [@TF) = [x1-- - xn)-

In Chapter ?? we studied the CI method in a general setting
where we did not distinguish between occupied and unoccupied
orbitals. We derived the Slater—Condon rules for the matrix elements
of one and two-body operators.

The goal of this section is to introduce CI as a post-Hartree—Fock
model, where we systematically improve upon Hartree-Fock. We
will put the Slater—Condon rules to use.

The Hartree-Fock state has none of the unoccupied orbitals. On the
other hand, we may be dissatisfied with the quality of the results
of the RHF method. In particular, we may find that the energy Epr
was not good enough. Since the HF wavefunction is uncorrelated
(except for the exchange correlation due to the Pauli principle), we
set

E0 = EHF + Ecorr,

where Ecor is the correlaton energy, and where Ej is the exact
ground state energy. Similarly, the ground state wavefunction is
correlated

|"PO> =00 |q>0> + |‘Pcorr> .

The number ¢ is required to keep the total wavefunction normal-
ized, when we assume that

<q>O |\Fcorr> =0.

We need to find a recipe for [¥corr). One option is the configuration-
interaction hierarchy. Another option is the coupled-cluster hierar-
chy; see later in the course.
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Suppose we improve upon the RHF wavefunction by allowing
single excitations, yielding the CIS wavefunction:

[¥C) = ¢o [@g) + Y c? [@F) . (8.1)

ia

Here, |®?) is obtained from the wavefunction by substituting x; by
Xa:

) =1 Ko AN

was i

There are clearly N, x N, possible such substitutions, since i takes
on N, values and a takes on N such values.

We can note that the placement of indices as sub- and super-
script pictorially indicate that particles are “excited” from lower-
lying levels to higher-lying levels, energetically speaking.

The next level of improvement would be to include double exita-
tions, yielding the CISD wavefunction:

[PCISDY — ¢ D) + Yocroh+Y ) c?].b |cI>?jh> ) (8.2)

ia i<ja<b

Here, the restriction to i < jand a < b ensures that we sum only
over unique Slater determinants.

We can continue in this fashion, defining CISDT, where triple
excitations are included, CISDTQ which includes quarduples, and
all the way up to N,-fold excitations, which is called full CI (FCI).

Clearly the higher we are willing to go, the better the wavefunc-
tion will be. On the other hand, the number of excited determinants
grows rapidly with the truncation level (S, D, T, etc.). CISD already
contains N2N2 /4 excited determinants. Full CI at the extreme end
NDI:]}—ONU)

contains ( determinants — this renders full CI completely

intractable but for the simplest molecules in very small basis sets!

As previously discussed in an earlier lecture, the CI wavefunction
is determined by matrix diagonalization, i.e., the CI wavefunction
is given by an eigenvector of a matrix, Eq. (4.4). We now have intro-
duced a block structure of the CI wavefunction, starting with the HF
reference, then singles, doubles, etc:

Co
{cf}

fest
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The Hamiltonian matrix has a corresponding structure:

Hyp Hps Hop
Hsy Hss Hgp -

H= (8.4)
Hpo Hps Hpp ---

Here, Hyg = [(®g|H|®y)] is a simple 1x 1 matrix. The matrix
Hosisan 1 x (N, x Ny) mtarix with elements (®|H|®?). The
matrix Hg g contains matrix elements that couples single excitations
with single excitations: (de,, |H|®?). And so on and so forth. As
we progress towards higher extitations, the matrix blocks become
larger and larger.

Thus, for CISD one would need the matrix blocks written down
explicitly in Eq. (8.4).

Note that since H = HT, the matrix H = H is Hermitian. Thus,
for example, Hy s = Hgo.

There is one matrix block of the CI matrix which is identically zero
when we start from the Hartree—Fock ground state as reference @y
for excitations:

Hys = HY) = 0.

This is Brillouin’s Theorem and follows directly from the Hartree—
Fock equations and the Slater-Condon rulles.
The Slater—Condon rules give the following expression:

(@ |H|Po) = {xalflxi) + 1 (xaxj @1xi%)) o - (85)
)

On the other hand, we have the following expression for the Fock
operator:

—h+2 Xil®] X ag - (8.6)
Computing the action on x; we get
Flaiy = hlxi) + 320 x5l@lxix) ps - (8.7)
J
Forming the inner product with x, gives

(al £ 121> = (xal 1 lxi) + 1 (xaxjl@1xix)) as - (8.8)
]

But since we have a Hartree—Fock solution in the spin-orbitals yx;,
we have that

Flxi) =eilxi),
which means that (x,|f|x;) = 0. Thus,

(@ |H|Po) = (xalflxi) =0
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Simplifications from RHF

[To be written]

BEXd Dissociation of H,

[To be written]

Truncated CI is not size-consistent

[To be written]



9.2.1

Lecture 9: Coupled-cluster theory

We now turn to the most popular post-Hartree-Fock wavefunc-
tion method in quantum chemistry. (Density—Functional Theory is
by far the workhorse in quantum chemistry, but it is not a wave-
function theory!) The method is the coupled-cluster method (CC).
Like CI, it is divided into a hierarchy of approximate theories: CCS
(CC with singles), CCSD (with singles and doubles), etc. The most
widely-used approximation is termed CCSD(T) — the CC method
with singles, doubles and perturbative triples. The latter means that
while triples are included, they are only treated approximately.

Why introduce CC theory? The motivaion stems from the fact
that CI theory is not size-extensive. We will see a Jupyter Notebook
where an experiment is performed on several water molecules.
CISD is not able to give the correct energy as we let the water
molecules drift apart, while CCSD does: CCSD is (under appro-
priate conditions) size-extensive/consistent.

In CI theory, we worked with a linear combination of excited deter-
minants, where we took occupied spin-orbitals (indexed by i, j, etc.)
in the HF determinant and replaced them by virtual spin-orbitals
(indexed by 4, b, etc.):

¥EI) = co o) + Y cf [ @) + Y [@f) . (o)
ia i<ja<b
Recall that the singly excited determinants were obtained by substi-
tution of occupied spin-orbitals. We can formulate this as an operator,
which will allow us to define the CC method.
Recall that an operator is determined by its action on a basis.
We therefore need to formulate the action of the substitution on a
basis. This is pretty straightforward, since a basis is given by the
collection of Slater determinants.

Singles
We define an operator X} that performs this substitution:

|Df) = X{' [Po) - (9-2)
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This defines the operator on |®p), but we can also define it on any
Slater determinant: Let |xp, - - - xpy) be a Slater determinant. There
are two possibilities: Either py = i for some k. In that case, we set

X Xpy - Xpn) = |Xpy - Xa -+ Xpy)  (Xi present)

was i

If py # i for every k, then we set

X7 |Xp1 i 'XPN> =0 (x; not present)

This defines X7 on every Slater determinant.

The operator X{ is called an excitation operator since it kicks x; up
to xa, or a substitution operator, since it substitutes x; with x,. Both
names are common and equally good.

If we now let |¥) be an arbitrary vector in FCI space, it is a gen-
eral linear combination of Slater determinants:

[¥) =) cr|®@r). (9:3)
I
If we now act with X7, defined as a linear operator, we get

¥) = X[ [¥) = )_aX]|®r). (9-4)
I

We see that having defined X} on arbitrary Slater determinants is
enough to define X? on any CI vector!

Doubles and higher

Recall that a doubles excitation from the HF determinant is just
substitution of 7 by a and then j by a. Thus, we have

ab __ ~bvra

the operator product. Since X} is defined as an operator on FCI
space, applying two such operators in succession is also a well-
defined operator.

[A couple of examples]

We can define triples similarly:

abc __ ycybya
ijk _XkaXif

Quadruples, quintuples, etc., follow in the same manner.

Excitations commute

It does not matter if we first substitute 7 to 4, then j to b, or the
other way around. Mathematically, the excitation operators satisfy

[X{, XP) = X{XP — XPX7 = 0.

always. They commute, and the order of application does not matter.

Recall that [ is an index that counts
the HF function with I = 0, singles,
doubles, etc.

Double substitution/excitation

Triple substitution/excitation

[A, B] = 0 means that AB|¥) = BA |¥)
for every wavefunction |¥). Thus the
order of operation does not matter.
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CI theory with excitation operators

The next step is to use the excitation operators to reformulate the CI
wavefunction. Since

b b
|@F) = X[ [®o), [®f]) = X7 |Po),
and so on, we can write

[¥CIP) = cq ) +ZC“X” Do) + ) P X | Do)
ijab
= (col + Zcﬂxﬂ + Z c”bxab ) [ D).

ijab

(9:5)

We observe that the ting in parenthesis is an operator, being a linear
combination of excitation operator:

=col+ ZC”X” + Z c’”’X”b
ijab (9.6)
= C01 + C1 + Cz.

Here, 1 means the identity operator, 1 [¥) = |¥). The operator C is
called a cluster operator. The operator C; contains the singles part,
and G, the doubles part. Higher excitations have similar notation.
The history of the name “cluster operator” is muddied by the wa-
ters of ancient history, but we will later see how it may have come
to pass.

Notice that the product of two cluster operators is again a cluster
operator. [Give examples.] Mathematically, cluster operators form
an algebra. Since cluster operators commute, we can compute with
cluster operators much like with numbers! However, cluster oper-
ators are nilpotent, since there are only a finite number of electrons
we can excite!

We now introduce a concept called intermediate normalization: An
eigenvector of the Hamiltonian is only determined up to its length
(and complex phase). At the same time, if Hartre-Fock is supposed
to be an initially good approximation, it makes sense to fix cp = 1
in the CI wavefunction. This also means that (¥<'SP|¥CISD) > 1 in
general, and > 1 whenever at least one CI coefficient is nonzero,
so we need to divide by this quantity to evaluate the energy (since
the norm is not 1). But the length of a Hilbert space vector has no
physical meaning, so this does not change physics at all. Intermedi-
ate normalizations does require, however, that the wavefunction is
never exactly orthogonal to |®Dp).

We now have:

I¥CISDY = (1 4 C) [@p) = (1 + C1 + Ca) | Do)

If we add triples and so on, that would simply mean that we ex-
tend C with the corresponding terms Cs, etc., defining the CISDT
wavefunction, and so on.

The wavefunction is now written as an operator equation: The
cluster operator acts on the Hartree-Fock wavefunction, building up

Intermediate normalization is common
in perturbation theory
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the complete wavefunction by means of excitations. This is a very
useful concept.

We now formulate CI theory as an operator equation: The
Schrodinger equation reads: Find a cluster operator C (with the
appropriate truncation, say CISD) such that the following equation
is satisfied:

HA+C)|®g) = E(1+C)|Dy).

Projecting onto (P, (P?|, and <CI>§’]-Z’| gives us the CI energy equation,
and the CISD amplitude equations:

(DolA(1+ C)|Pp) = E (9.7)
(@A + C)|Do) = Ecf (9.8)
(@A (1+ C)| Do) = Ecf}. (9-9)

This is nothing but the CISD matrix eigenvalue problem but where
the wavefunction is expressed using the cluster operator C.

We now formulate the non-size-extensivity of CI theory using clus-
ter operators. This will be most enlightening, and we will see the
power of the cluster operators!

Suppose we have two molecular fragments A and B, with Ny
and Np electrons, respectively. These could be, say, hydrogen or
water molecules. The Hamiltonian operator for such a system is

HA+B = Hu + Hp + Wyp,

where Wy is the part of the N4 + Np-electron Hamiltonian de-
scribing interactions between electrons of A and B. We now assume
that the fragments are very far from each other. Then, they do not
interact, and Wy = 0, i.e., Ay, p=Ha + Hp.

The total Hamiltonian is then solvable by means of separation of
variables:

Ha|¥a) =Eal|¥a) (9.10)
Hp [¥5) = Eg[¥5) (9-11)
Eatp=Ea+Ep, [Yarp) =[¥Ya¥s). (9.12)

A few words on exactly what the product of these wavefunc-
tions mean: On the right-hand side of the last equation, we have
written a product of two wavefunctions. This must be understood
in the sense that the Slater determinants that enter the product
contain spin-orbitals from each fragment A and B, with coeffi-
cients that are multiplied together. This ensures proper antisym-
metry: If [®4) = |X?1 - ’XFI?NA> and |<I>?> = |)(§1 - -)(,?NE;) are
Slater determinants built from MOs at fragment A and B (where
I = (p1,p2,--,pN,) and | = (q1,- -+ ,qn,) are multiindices), then
I] = (p1,--- PN,y 91, - ,qN,) is @ multiindex for A + B and

A+B\ _ |, A A B B
|©I] > - |Xp1 t .XPNAqu t .XqNB>



LECTURE 9: COUPLED-CLUSTER THEORY

is a slater determinant for the complete molecule A 4 B. The frag-
ment wavefunctions are

[Ya) =Y |®7), [¥5) =} c] [®F),
I J
and finally the product wavefunction

‘TA"YB> = ;CIC] “bﬁJrB)

We observe two fundamental concepts, that embody the concept
of size-extensivity

For non-interactig molecular fragments, the energy is ad-
ditively separable, and the wavefunction is multiplicatively
separable.

If a many-body calculation method does not respect this, the re-
sults will have the wrong scaling properties with respect to the size
of the system. Quantum chemical methods that are size-extensive
behave much better than non-size-extensive methods, especially on larger
molecules. Moreover, potential energy surfaces will be much better
for properly size-extensive methods.

Let us consider the exact FCI wavefunctions for these fragments
in terms of cluster operators:

[¥a) = (1+Ca)@f). (9.13)
¥5) = (1+Cp)|®F). (9-14)

Here, |®g 4) is the Hartree-Fock determinant for A, and similarly
for B:

D) =[xt xf ), @5 =1 xR,

Note that since the fragments are very far from each other, the
molecular orbitals in the two HF determinants are orthogonal to
each other. The combined system therefore has HF determinant

|03 TE) = |0 @f) = |xf - xn, AF ARy o15)
BB 915

The last equation indicates the HF spin-orbitals obtained from a
HF calculation on both molecules simulaneously. These will match
the orbitals from the separately calculated MOs.

(We assume that a HF formulation has been used so this is true.
For eample, if each fragment was a H atom, we know that RHF will
not produce this form, while UHF will. If each fragment has an
even number of electrons, RHF will work out fine.)

A FCI calculation on the combined molecular system AB will
now yield the exact result, and the wavefunction

Yaip) = (14 Carp) @5 5.

117
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The cluster operator C 4, 3 now contains in principle all possible
excitations from every possible occupied i to every possible unoccupied a.
Since the fragments do not interact, excitations that move electrons
from A to B or vice versa will have zero amplitudes.

On the other hand, multiplicative separability gives

[Yarn) = [¥a¥s) = (1+Ca)(A+Cp) |0F ) (0.16)
= (1+Ca+Cp+CuCp) |5 "P) >
Notice here, that the product of two cluster operators is again a
cluster operator.

We now consider the case of a truncated CI method, such as
CISD. We compare the application to each molecular fragment A
and B, and the application to A + B. Are the results size-extensive,
i.e., is the energy additively separable and the wavefunction multi-
plicatively separable? The answer is 1o, and with the aid of cluster
operators, not so hard to see!

The CISD calculation on the fragment gives

¥SP) = (14 C0) o),
¥GP) = (14 C§0) [@f).
The product of these wavefunctions is
[PGISDYCISDY — (1 4 (GISD 4 (CISD | ACISDACISD) | pA+BY

We observe that the final term contains quadruples excitations.
Compare now with a CISD calculation on the system A + B. The
wavefunction can only contain up to double excitations:

YD) = (1 +CSR) [og +P).

Here, CS‘%D describes simultaneous excitations on A and B, as
well as excitations on A and B only. But in truncated CI, the level
of these excitations would be bounded by the level of the CI the-
ory: for CISD, only singles on A and B simultaneously would be
allowed. On the other hand, the product wavefunction has much
higher excitations present — CISDTQ for the CISD case!

Thus, truncated CI is not multiplicatively separable in the wave-
function in general, and the energy is then neither additively sepa-
rable.

The only exception is FCI, where all excitations are taken into
account, irrespective of the number of electrons present.

In CC theory, the non-size extensivity is corrected by means of the
exponential ansatz:

1¥CC) = €T @) . (9.17)
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Here, T is a cluster operator:

T=T1+T2+..., (9.18)
=2, 9.19)
=) t“bX“b, (9.20)

ijab
(9.21)

The T operator is called the singles operator, T operator the dou-
bles operator, and so on. The numbers ¢/ and t?jb are called singles
and doubles cluster amplitudes.

The operator has now a new symbol, because it is numerically
not the same as the CI cluster operator C.

There are now two important questions: What is the exponential
of this operator, and why do we choose this exponential?

The exponential of an operator is defined in terms of the Taylor
series of the exponential function:

I S N R (9-22)
=l 2 6 o

So the exponential of T is

a1
724 273
6

As for why: Does the exponential fix multiplicative separability?

H>

=14+

I\J\p—\

Yes! Let is consider a truncated CC ansatz, say CCSD, on fragments
A and B, meaning that we let Ty = TAJ + TA,Z similarly for Tg:

1¥5C) = e gy (9.23)
1¥5C) = eTe |@F) . (9-24)

When we multiply these two wavefunctions together, something
magical happens:

[FGO¥EC) = elnel® [0 F) = T4t [@g*P) - (9.25)
In the last step we used the rule

efel = ex-&-yl

which is valid for numbers x and y, and also for commuting operators.
Note now, that T4 + Tp has the same total truncation level as the
individual T4 an Tg. If we start with singles and doubles, the sum
also has singles and doubles. Thus, unlike CI, multiplying the
wavefunctions of the fragments together does not increase the need
for excitations in the total molecule, when using the exponential
ansatz!

What we have not done, is to specify how the CC cluster opera-
tors are determined for the fragments, and show that the CC cluster
operator for A + B will actually turn out to be the sum. For that, we
need equations that define the CC method. This is the next step.

This can be taken as a defining feature
of the exponential function






Lecture 10: Coupled-cluster theory, con-

tinued

We now consider a single molecule, and no longer the splitting
into fragments. We first consider the variational principle. The
expectation value of the energy is
= W. (10.1)
(@oleT" eT|Po)

Looking hard at this equation shows that evaluating the energy
is very costly. The reason is that T |®) is a full CI wavefunction,
and there seems to be no formal simplifications in sight. Thus,
computing the energy is as expensive as in full CL. This will not be
tractable!

However, there turns out to be a nice trick to make CC a viable
option. Instead of doing something with the variational principle,
we look directly at the Schrodinger equation:

Ael |Pp) = Eel |Py) . (10.2)

We observe that

e Tel = THT =0 =1,

Thus, multiplying from the left with ¢~ we obtain the similarity
transformed SE: o

e THe! |®y) = E D) . (10.3)
This equation is somewhat curious: On the right hand side, we
have an eigenvalue E multiplied by the HF determinant. On the left
hand side, we have an operator

A=c Tt
acting on the HF state. Thus, Eq. (10.3) can be phrased as a search
for T so that H — an explicit function of T — has the HF state as
its eigenvector! To be clear, this is a nonlinear problem. In quantum
chemistry, we abhor the cost of FCI so much that we are willing to
introduce nonlinearity upon nonlinearity to produce schemes that
in the end are cheaper than FCI ...

How do we turn the similarity transformed SE into something
ameble for implementation on a computer? We will shortly discuss
this, but first we do some projections:

H is often called the correlated Hamil-
tonian, since correlations are moved
away from the wavefunction and put
into the Hamiltonian instead.
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Since the Slater determinants |®g), |®f), etc., form a basis for

FCI space, we can project and obtain the energy equation, We have that T* |®)) = 0 which makes
A (@ole™" = (@]
(Do|He' |@g) = E, (10.4)

and the amplitude equations:
(@, e~ T HeT|g) =0, (10.5)

where p is a general index that counts excitations:

b
) @)

When all the amplitude equations are satisfied, the similarity trans-
formed SE (10.3) is satisfied. We then have the exact solution of the
CI problem.

The energy equation we also obtained in CI theory, but with the
cluster operator 1 + C instead of el

The full set of projected CC equations (10.5) is no simpler than full
CI, since there are exactly as many amplitudes in C as in T. We
therefore introduce truncated CC, where we truncate T after a fixed
number of terms,

TeTi+T+...+ Tk, (10.7)

giving the CCSD- - - K wavefunction. We need exactly one equation
per unknown. Consider for example CCSD: Since T} = ¥, Xy,
projection onto all the (®,| = (®?| gives equationa for each un-
known t{. Similarly, T, = Yijab tf].b ijb, and we obtain one equation
per unknown if we project onto (®,| = <<I>?jb|. This principle gives
the following:

For the CCSD- - - K method, we project the similarity trans-
formed SE onto all excited determinants up to K-fold excita-
tions

Let us look at the “correlated Hamiltonian” H.. A similarity trans-
formation such as H can be expanded using the Baker-Campbell-
Hausdorff expansion. This reads

(10.8)

The BCH expansion is a general expansion, true for all similarity
transformations, and not dependent on T being a cluster operator.
However, with regards to CC theory, it can now be shown that:
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For a Hamiltonian

H=Y h(i)+Y w(i,j),

i i<j

containing only up to two-body terms, the BCH expansion
terminates identically after presented 5 terms. This holds regard-
less of the number of electrons and regardless of the truncation of
T.

Proving this almost magical fact is beyond the scope of this
course, but can be related to the fact that T substitutes orbitals,
e.g., X7 changes y; to x, in any Slater determinant, and that H also
substitutes orbitals, but now any orbital can be substituted by any
orbital. For example, the two-electron interaction works at two spin-
orbitals at a time due to the Slater condon rules. In fact it is possible
to write

H =3 hp Xy +% Y (pqlolrs) X5,
pq pqrs
where now Xf; substitutes x, with x,, and X5 substitutes x, by Xp
and xs by x4. This will be especially transparent in the language of
second quantization which we so far have avoided.

To prove the result on the termination of the BCH expansion, one

can now explicitly compute

exp(—tHXﬂ)Xff’ exp (ty Xy) (10.9)

using the BCH formula, and note that it stops after 5 terms. One
then notes that

T=Y Xy exp(T) =]]exp(t,Xy)
K H

since all the substitution operators X, commute among themselves.

Even if the present outline of a proof is not complete or transpar-
ent, one should take note of the fact that the expansion (10.9) does
not depend on the number of electrons, and not on the truncation
level of T, since it is valid for any u. The universality, so to speak,
of the truncation of the BCH expansion for H is the important take-
home message here.

In order to implement CC theory on a computer, closed-form al-
gebraic expressions of the amplitude equations are needed. For
CCSD, one needs closed-form expressions for the amplitude equa-
tions

fi(t) = (®f|H|Do) =0, (10.10)

1

fib;‘b(t) = <q>;?],b‘131|q>0> =0, (10.11)

Recall H = e~ THeT
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as well as the energy equation,
Ecc(t) = (@g|Hel |®y) . (10.12)

In these equations t = (t¢, t?].b) are the CCSD amplitudes.
Our Hamiltonian is on the form
H=Hy+W=Y h(i)+ Y o(,j). (10.13)
i i<j
Here, i = f+ 9 (Hy = T + V) is the total of kinetic energy and the

nuclear Coulomb potential. Recall that in Hartree—Fock theory, the
Fock operator is given by

f=h+oT,

where the HF potential is the sum of the Hartree and exchange
potentials. We can add and subtract this potential to [ and obtain

=Y fi)+ < ZAHF (i) + Y @(,j ) =F4+ Wi  (10.14)
i i<j

where F is the N-electron Fock operator, and where Whpe = W —
VHF is called the fluctuation potential. Since HF is supposed to be a

good approximation, and since 9'F

is the mean potential seen by
any electron due to all the others, the fluctuation potential should
be small.

The fluctuation potential is expressed in the antisymmetric ma-
trix elements (pq||rs) = (pq|d|rs) og- The fluctuation potential
and and the Fock operator are the ingredients needed for the CC
amplitude and energy equations.

The following is a paraphrasation of the equations listed in
T. Daniel Crawford’s highly-regarded introduction to CC theory
in quantum chemistry. Nowadays, derivation and implementation
of CC amplitude equations are usually done automatically, with spe-
cially designed codes. This minimizes opportunities for errors, and
also automate a very time-consuming process.

We begin with the CCSD energy:

1 i b, 1 ¥ b
Eccsp = Enr + ) fun t] + 1 3 (ifllab) 7 + 3 ) (ijllab) £ £} (10.15)
ia aibj aibj
Observe how the leading term is the Hartree—Fock energy, so that
the remaining terms form the CCSD correlation energy. Note that the
Fock operator matrix elements are usually f,; = €,0p;, so that, e.g.,
fai = 0. However, the present algebraic expressions are also valid
when the basis spin-orbitals are not Hartree—Fock solutions.
The singles amplitude equations are:

fit fm+2facfc ka, tk+2 ka|ci) tk+2fkc 2+ 1Y (kal|cd) 57

ked

(kl[ci) ti] kac — Y (kl||ci) tp t] =Y (kal|cd) £ t d

klc klc ked

= ) (Kllled) £ z+2 (klled) (g 157 — 3 ) (ki ed) £ ¢ — 3 3 (ki led) tif ]

kled kled kled Kled
(10.16)
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The doubles amplitude equations are:
i(0) = (ablif) + 1 (S — foetff) - 3 (F sl — ftit) + 4 Y (i)
+3 Z ablcd) t§ + P(if) P(ab) Y (kbllcf) ¢ + P(if) Z(ab||6j> t

ke
—P(ab) Y (kbllij) tf + 3 P(ij)P(ab) Y (ki||ed) 65 ¢4 + § Y (kl||cd) £57 ]
k klcd kled
— P(ab)y Y (Kllled) £ 8 — P(if)5 Y (klled) £ 5 + Pab) 3 Y (k1 |if) t 8
klcd klcd Kkl
P(ij)3 2d<ab|\cd> £ ]
C
— P(ij)P(ab) Y (kb|/ic) t{ £; + P(ab) kac £
ke
P(if) Y fic £ 15 — P(ij) Y (Klci) £t} + P(ab) Y (kal|cd) £ £
ke klc klcd
P(if)P(ab) }_(ak||de) { £5 + P(ij)P(ab) Y _(kl|[ic) t] £}
ked klc
P(if)y Y (Klllcj)  t] — P(ab) Y (kb|lcd) tf t& — P(if)P(ab) g Y _{kbl|cd) £ t] ]
klc ked ked
P(if)P(ab)} Y (Kl||cj) £ tf ] — P(if) Y. (kl||cd) £ t] t57 — P(ab) Y (Kl|cd) 5 £ £
klc kled klcd
P(ab)g Y (kl||cd) £ £] £ + P(if) P(ab) Y (kl||cd) £ £7 £
kled klcd
P(ij)P(ab)g Y (Kl|led) t§ £ 4 £}
klcd

(10.17)
On this equation, the symbols P(ij) and P(ab) are permutation

symbols:
Pj)f(i,j) = f(i.)) = £, 1),
P(a,b)f(a,b) = f(a,b) - f(b,a).

Recall that the Hamiltonian is split as H = F 4 Wpy., where the
fluctutation potential is assumed small, equivalently that the main
component of H is the Fock operator. Looking at the functions f7(t)
and i ab(+), we see that the leading terms are grouped according to
this “largeness”; first constant terms, then terms proportional to the
Fock matrix, and then two-electron interaction terms.

Consider now a Newton—-Rhapson approach for finding the root
t. of f(t.) = 0. We start from a guess t,, and write

f(te) = 0= f(ty +0t) = f(tn) + Jot + O(6t?),] = Vif(tn).
Here, | is the Jacobian matrix. Rearranging,
bpa1 =ty + 0t =ty — [ Lf (1),

This is the basic Newton iteration. However, exact evaluation of the
Jacobian is very costly for such a complicated function as f(t). On
the other hand, we observe that the Fock matrix — the main part of
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the Hamiltonian — only appears linearly in f(t). It should therefore
form the main part of the Jacobian! We define therefore a quasi-
Newton approach where we approximate the Jacobian by the terms
arising from the Fock matrix. The idea is to have a Jacobian which
is diagonal, beacuse then the quasi-Newton iterations are very fast.

We now assume that the Fock matrix is diagonal, for simplicity.
We set Df = fa, — fi;, and Df]-b = fop+ faa — fii — f]] We can then
rewrite f(t) as

£(8) = DJ# 4+ gi(t) = 0 (1018)

where f(t) contains all terms in ff(t), except those that are linear
in the Fock matrix and the singles amplitudes. Rearranging, we
obtain the quasi-Newton iteration

(#)" = —(Df) gt (#"). (10.19)

This is the singles quasi-Newton iteration. The doubles iteration is
similar: Starting from
b byab b
fii’ (t) = Dig’ti’ + &35’ (t) =0, (10.20)
rearranging gives the iteration
b 1 by—1,ab
(t )yl = —(D")~ &ij (). (10.21)
This quasi-Newton scheme is standard in CC theory, but it may
have slow convergence in general. DIIS acceleration fixes this in
most cases.

The doubles equations contain a term

ORS %kg {klcd) t5f 157
Ci

The left-arrow indicates that it is one out of many terms that goes
into the amplitude equations.

The brute-force cost of this term is O(N2N§), since there are N
summation terms, but the summation has to be done for N2N2
equations. This is quite expensive!

However, we note that if we define the intermediate tensor

X = % (kl||cd) £57,

with cost O(N2N3), we may now write
b kI yab
[ (8) ) Xt
kI

The cost of the original term has been brought down to O(N2N3) +
O(NZN32).

It turns out that all terms in the CCSD amplitude equations can
be similarly factorized, bringing the cost of the CCSD amplitude
equations down to O(N 6), where N measures system size; effec-
tively lying somewhere between N, and N,, depending on system
size and implementation details.
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The CC method is not variational. We have not devised a scheme
for variationally minimizing the expectation value of the energy.
We have instead opted for projecting the similarity transformed SE.
This is equivalent to constrained minimization of the CC energy. For
each amplitude t;, introduce an auxillary amplitude A, and define
the function

L(t,A) = Ecc(t) + Y_ Aufu(t). (10.22)
H

Here, the summation runs over those amplitudes we have present
in our approximation, say, singles and doubles.

We interpret A, as Lagranbe multipliers for constrained opti-
mization of Ecc(t), the constraints being that the amplitude equa-
tion f,(t) = 0 is satisfied. Thus,

mzo > fu(t)=0.

Values for the Lagrange multipliers are obtained from

ALy
ot

If we insert the definitions of the CC energy and of f,(t) we obtain

L(t,A) = (@] (1 +A)e THeT|@g), A=Y AXE  (10.23)
I

The constrained optimization viewpoint is very useful if one wants
to compute expectation values of other observables than the energy,
say A.

[Explain Hellman-Feynman.]
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Exercise 1: Substitution operators and simple algebra

In these exercises, we study the substitution operators. Let

|Po) = [x1X2 " XN)

be the Hartree-Fock determinant, where ), are spin orbitals. Oc-
cupied spin orbitals in |®) are indexed by 7, j,..., and virtual spin
orbitals are indexed by a,b, .. ..

The single-substitution operator X7 is defined by its action on a
Slater determinant:

|Xp1 o Xa 'XpN> , if x; is present,

X7 [y - X ) =
Lian N 0, if x; is not present.

Thus X! replaces the occupied spin orbital x; by x, whenever this is
possible.
We also use the notation

b b
|@F) = X{' [®o),  [|Pf) = X[} | Do),

where ijb denotes a double substitution.

Problem 1: Action of a single substitution operator

This problem is about interpreting the definition of X7.

1. Explain in words what the operator X7 does when it acts on a
Slater determinant.

2. Let |xp, - - - Xpy) be an arbitrary Slater determinant. Explain why
X xpy - xpn) =0
whenever yx; is not present among the occupied spin orbitals.

3. Explainy why
X? |XP1 o 'XPN> =0
whenever yx, is present among the occupied spin orbitals.
4. Explain why the operator X? is called both a substitution opera-

tor and an excitation operator.

Problem 2: Successive substitutions

We now examine what happens when two substitutions are ap-
plied.

1. Consider X]b |®p). Write down in words what determinant is
obtained.
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2. Next consider
XIXY | @) -

Explain what this expression means operationally.

3. Under what conditions on the indices i, j, a, b should this double
substitution be nonzero?

4. Explain why the cases i = j and/or a = b must be excluded if
the result is to represent a double substitution.

5. Assume i # j and a # b. Compare XfX]b |®Pp) and X]bX;Z |®Pp). Do
they describe the same orbital replacements? State clearly what
is the same, even if sign conventions are not analyzed in detail.

6. Consider the action of X7 and X]b on an arbitrary determinant
|Xp1 -+ Xpx)- Show that

[Xf, X}] = 0.

Problem 3: Products of substitution operators

This problem concerns products of substitution operators.

1. Explain why

X{X |®g) = 0.
2. Explain why

XfX7 |®p) = 0.
3. Explain why

Xi X |Pg) = 0.

4. Formulate a general rule for when a product of two substitution
operators must vanish.

5. Recall that ijb = X X]l?. How many unique such operators are
there, given Noc. occupied and Ny virtual orbitals in total?

6. Show that

ab __ ~yba ab __ ab ab __ ba

Problem 4: Singles and doubles operators in coupled-cluster theory

We now connect the substitution operators to the cluster operators.

1. Recall the definitions

T=Y #X{, Th=) #XP
ia ijab
Explain why Tj is called the singles operator and T is called the

doubles operator.

2. Show that T} |®)) is a linear combination of singly substituted
determinants.
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3. Show that T, |®) is a linear combination of doubly substituted
determinants.

4. Explain the role of the amplitudes 7 and t?jb .

5. Why do you think it is useful to collect many substitutions into
the operators T; and T instead of writing each substituted deter-
minant separately?

Exercise 2: The exponential ansatz at a formal level

We now consider only the formal structure of the coupled-cluster
ansatz, i

|TCC>:€T|¢Q>, T:T1+T2+"'.
The purpose is not to derive amplitude equations, but only to un-
derstand what the exponential means algebraically.

Problem 1: Expanding the exponential

The expomential of an operator is used to define the exponential of
an operator. The taylor series is:
[e9) Zn

eZ:nZ%)m =14z+....

1. Show that

A a1, 1.
eT|<I>O>:(1+T+2T2+6T3+~~)|<I>0>.

2. Explain why, for CCSD, the term (1 + T) |®y) generates a CISD
wavefunction, and why it is irrelevant that there is no coefficient
co in front of 1.

3. For the term T2 |®,), for CCSD, show that we have both double,
triple, and quadruply excited determinants in the expansion, but
no singly excited determinant.

4. What is the highest level of excitation included in [¥¢¢)?

Problem 2: Keeping only singles
Assume for this problem that T = T;.
1. Consider the CC wavefunction:
eT1 |@g) = <i+Tl+;T12+---> Do) .

Insert T; = Y, t7X?, and write the expansion up to and in-
cluding doubles using explicit sums over occupied and virtual
indices.

2. Explain why T; |®) gives singly substituted determinants.
3. Explain why le |®p) gives doubly substituted determinants.

4. What does this tell you about the difference between the opera-
tor T} and the wavefunction et |®g)?
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Problem 3: Keeping singles and doubles

Assume now that T = T} + T».

1. Write out

TZ = (Tl + T2)2.

. Identify the four unique terms that appear in this product.

. Explain in words what kinds of substitutions may arise from

each of the terms

7, nhh, hh, T

. Why does the exponential ansatz naturally generate determi-

nants with higher substitution level than the truncation level of
the operator T itself?

Problem 4: Formal separability of the exponential ansatz

This problem revisits the formal observation made in the notes for

two non-interacting fragments A and B.

1.

Let . X
[¥GO) =2 ]@p),  [¥5C) =P |@p).

Write down the product wavefunction [¥Y§C¥$C).

. Assuming that T4 and Tp commute, it is a fact that

eTaels — oTatTs,

Show that this is not in general true if the operators did not
commute. Hint: Insert Taylor expansions on both sides, and
show that they differ.

. Explain why T4 + Tp has the same truncation level as the sepa-

rate fragment operators.

. Explain why this is an important difference between coupled-

cluster theory and truncated CI.
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Exercise 3: Similarity-transformed coupled-cluster equations

The coupled-cluster wavefunction is
Yoo = e’ @,

where @ is the Hartree-Fock determinant and T is the cluster
operator. The similarity-transformed Hamiltonian is

H=eThe.
The excited determinants are denoted ®;, where y may stand for

(), (”1;]), and so on.

Problem 1: From the Schrodinger equation to the similarity-transformed
equation
Start from the Schr"odinger equation

AeTd, = EelT .
1. Multiply the equation from the left by e~ T and show that

Ad, = Ed,.
2. Explain why this is not an ordinary linear eigenvalue problem
for the unknowns in T.

3. Explain in words what is meant by the statement that the corre-
lations are moved from the wavefunction into the Hamiltonian.

Problem 2: Projection equations and truncation principle
Assume that the Slater determinants ®,, @7, <I>fjb, ... form a basis.
1. Project the equation
Ad, = Ed,
from the left with (®g| and show that
(@o|AeT| @) = E.

You do not have to show why “¢~T" vanishes from H in this

case.

2. Project from the left with (®,| and show that the amplitude
equations are o
(@yle THe |@p) = 0.

3. For CCSD, write down which determinants @, must be used in
the projection in order to obtain one equation for each unknown
amplitude.

4. Generalize this statement to CCSD- - - K.

5. Explain why the projection is truncated at the same excitation
level as the cluster operator.

6. Explain the statement “the amplitude equations are nonlinear
equations in the cluster amplitudes” using your own words.
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Problem 3: Formal properties of the BCH expansion

The Baker—-Campbell-Hausdorff expansion gives
e Thel = A+ [A, 1] +%[[H,T],T] T

1. Write out explicitly the first five terms of the BCH expansion for
H.

2. Identify which term contains one commutator, which contains
two nested commutators, and so on.

3. For a Hamiltonian with only one-body and two-body terms,
the BCH expansion terminates identically after the fifth term.
Explain why this means that the amplitude equations are multi-
variate polynomial equations. What is the degree of the polyno-
mials?

4. The BCH termination does not depend on the number of elec-
trons or on the truncation level of T. Can you think of why this
is considered to be an important structural property of coupled-
cluster theory?

Problem 4: Permutation operators in the doubles equations

In the doubles amplitude equations, permutation symbols are used.
They are defined by

P@ij)f(i,j) = f(i,j) — f(j. 1),
P(ab)f(a,b) = f(a,b) — f(b,a).
1. Expand explicitly

P(ij) Af}.
2. Expand explicitly
P(ab) A%}
3. Expand explicitly
P(ij)P(ab) Af}.

4. Show that the result from the previous item contains four terms.

5. Explain why such permutation operators are useful when writ-
ing amplitude equations.

Problem 5: Reading structure from the CCSD energy expression

The CCSD energy expression in the notes is

Eccsp = Enp + ) fia b + 5 Y (ijllab) t§f + 3 Y _(ijllab) /1].

ia aibj aibj
1. Identify the Hartree-Fock contribution.

2. Identify the terms that make up the correlation energy.
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3. State which term is linear in the singles amplitudes #;.
4. State which term is linear in the doubles amplitudes t?jb .
5. State which term is quadratic in the amplitudes.

6. Assume canonical Hartree-Fock spin orbitals, so that f;; = 0.
Rewrite the energy expression under this assumption.
Problem 6: Quasi-Newton form of the amplitude equations

Assume that the Fock matrix is diagonal. Define
D! = faua— fii,  Dff = faa + foo — fii — fjj-
The notes rewrite the amplitude equations in the form
fo(t) = Dite +g0(1) = 0,
b byab b
fil(t) = DAY 4 (1) = 0.

1. Explain how the singles equations are rearranged to obtain the
quasi-Newton iteration

(#))"1 = —(Df) ~gf (¢"),
2. Rearrange the doubles equation to obtain the corresponding
update formula for tf‘]-b .

3. Explain why the diagonal form of the approximate Jacobian is
computationally convenient.

4. Look to Egs. (2?) and (??). Underline the terms that go into g ()
and gfjh(t). What is common to these terms, in terms of which
symbols/arrays are required? Which symbols are not required?

5. The quasi-Newton iterations are motivated by considering some
parts of the Hamiltonian as dominating and some as small per-
turbation terms. Explain, in words, and using the previous point,
which part of the Hamiltonian is treated as the dominant part in
this approximation.

Problem 7: Formal comparison of CI and CC

In configuration interaction one writes the wavefunction in the form
Yo = (1+ )y,
whereas in coupled cluster one writes
Yoo = el @y,
1. Write the energy equation obtained in CI theory.

2. Write the corresponding energy equation obtained in CC theory.
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3. State clearly which operator replaces 1 + C in coupled-cluster
theory.

4. Explain one formal advantage of using the similarity-transformed
Schrodinger equation rather than a direct variational evaluation
of

(ole”” FeT|@y)
(@oleT"eT|dg) -
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sERWA  Programming exercise: Potential energy curves, correlation, and size
extensivity in LiH

In this exercise, you will use PySCF to compute simple potential
energy curves for LiH with restricted Hartree-Fock (RHF), config-
uration interaction with single and double substitutions (CISD),
and coupled cluster with single and double substitutions (CCSD).
The purpose is twofold. First, you will compare the three methods
on a bond-stretching problem. Second, you will test numerically
whether a method is size extensive by comparing a separated LiH
dimer with two isolated LiHH monomers.

Use a restricted closed-shell reference throughout. Let R denote
the Li-H bond length in A, and let

Erur(R), Ecisp(R), Eccsp(R)

denote the corresponding total electronic energies. In the size-
extensivity test, define

Amethod (R) = Er(ﬁe):thod (R) - ZEI(;()%thod (R)’

where Er(ie)th od(R) is the energy of one LiH molecule and Er(ri)eth od(R)
is the energy of two LiH molecules placed far apart. For a size-
extensive method, Apethod (R) should be close to zero.

In all problems below, use a small basis such as sto-3g or 6-31g.
The smaller basis is sufficient for a first implementation.

If helpful, begin from the following minimal PySCF structure:

import numpy as np
from pyscf import gto, scf, ci, cc

# Suggestion: start with a small grid of bond lengths
R_values = np.linspace(l.2, 4.0, 8)

# Suggestion: store results in Python lists and
convert to arrays later

E_rhf = []
E_cisd = []
E_ccsd = []

A useful way to construct a monomer is:

def make_lih (R, basis="sto-3g"):
mol = gto.Mole()
mol.atom = f"Li..,0.0.0.0.0.0;_H_.0.0_0.0_{R}"

mol.unit = "Angstrom"
mol.basis = basis
mol.spin = 0
mol.charge = 0
mol.verbose = 0

mol.build ()
return mol

You will need to consult the PySCF documentation, but a useful
first step is to verify which objects store the RHF, CISD, and CCSD
total energies.
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Problem 1: Compute a potential energy curve for LiH

Compute the RHF, CISD, and CCSD potential energy curves for
LiH over a range of bond lengths.

1. Choose a bond-length grid Ry, Ry, ..., R, that covers both the
equilibrium region and a moderately stretched bond.

2. For each bond length R, build the LiH molecule and carry out
an RHF calculation.

3. Using the RHF solution as reference, perform CISD and CCSD
calculations. Record the three total energies

Erur(R), Ecisp(R), Eccsp(R).

4. Plot the three potential energy curves in the same figure.

5. Compute and plot the correlation energies
E&isp(R) = Ecisp(R) — Erur(R),  Ecgsp(R) = Eccsp(R) — Ermr(R).

6. Discuss the following points:

* Which method gives the lowest energy at a fixed bond length?

e Is CCSD uniformly lower than CISD on the grid you have
chosen?

* Does the qualitative shape of the RHF curve differ from the

correlated curves when the bond is stretched?

The following code skeleton may be useful, but it is intentionally
incomplete:

for R in R_values:
mol = make_lih (R, basis="sto-3g")

# Step 1: RHF calculation
mf = scf.RHF (mol)
mf.kernel ()

# Step 2: CISD based on the RHF reference

myci = ci.CISD(mf)

# TODO: run the calculation and identify the
total energy

# Step 3: CCSD based on the RHF reference

mycc = cc.CCSD(mf)

# TODO: run the calculation and identify the
total energy

# Step 4: append total energies to E_rhf, E_cisd,
E_ccsd




138 LECTURE NOTES IN QUANTUM CHEMISTRY

Problem 2: Test size extensivity with two separated LiH molecules

Now investigate whether RHE, CISD, and CCSD behave correctly
when two noninteracting subsystems are combined.

Construct a dimer consisting of two LiH molecules separated by
a large distance, for example 20 A. One convenient geometry is

Li; = (0,0,0), H; = (0,0,R),

Lip = (20,0,0),  H, = (20,0,R).

For sufficiently large separation, the two molecules should interact
only very weakly.

1. Write a function that constructs this dimer geometry for a cho-
sen bond length R.

2. For each R on the same grid as in Problem 1, compute the
monomer and dimer energies at the RHF, CISD, and CCSD lev-
els.

3. For each method, compute the deviation from exact additivity,
2 1
Amethod (R) = Eé@&md(R)“ZEééﬁmd(R)-

4. Plot Aggr(R), Acisp(R), and Accsp(R) in the same figure.

5. Interpret the result. Which method appears to be most nearly
size extensive? Which method shows the clearest deviation from
size extensivity?

A useful starting point is:

def make_lih_dimer (R, separation=20.0, basis="sto-3g"
):
mol = gto.Mole()
mol.atom = f"""

Li 0.0 0.0 0.0
H 0.0 0.0 {R}
Li {separation} 0.0 0.0
H {separation} 0.0 {R}
mol.unit = "Angstrom"
mol.basis = basis
mol.spin = 0

mol.charge = 0

mol .verbose = 0

mol.build ()
return mol

It is useful to define a helper function that runs one electronic-
structure method chain and returns the relevant total energies:

def run_all_methods (mol):
mf = scf.RHF (mol)
# TODO: run RHF and store the RHF total energy
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myci = ci.CISD(mf)
# TODO: run CISD and store the CISD total energy

mycc = cc.CCSD(mf)
# TODO: run CCSD and store the CCSD total energy

# TODO: return the three energies in a convenient
format

Problem 3: Compare CISD and CCSD critically

Use the numerical data from Problems 1 and 2 to assess the state-
ment that CCSD is an improvement over CISD.

1. From the monomer potential energy curves, compare RHE,
CISD, and CCSD. In particular, identify the general ordering
of the total energies.

2. Explain why the size-extensivity test
E@(R) —2EM(R)

is more informative than a comparison of monomer energies

alone.

3. Based on your plots, explain in what sense CCSD improves on
CISD. Your answer should refer both to correlation energy and to
size extensivity.

4. State clearly at least one caveat. For example, discuss whether
RHE, CISD, and CCSD are all expected to remain reliable at
very large bond lengths, where static correlation may become
important.

5. Summarize your conclusions in a short paragraph.
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Lecture 11: Density-functional theory

In this chapter we introduce density-functional theory (DFT), which is
by far the most widely-used ab initio method in quantum chemistry.

In DFT, the N-electron Schrodinger wavefunction ¥(1,2,...,N)
is replaced by its spatial density p(r). Thus, the Schrodinger equa-
tion is replaced by a corresponding problem for determining the
density. Clearly, this is advantageous, since the density is a much
simpler quantity to model than the full wavefunction.

That this is possible is not at all trivial, and its discovery by
Hohenberg and Kohn is one of the truly monumental milestones of
quantum chemistry. Indeed, Walter Kohn was awarded the Nobel
prize in chemistry in 1999.

Of course, there is no free lunch: Even if the transition to a
density-based picture is possible in principle, the resulting equa-
tions are very complicated. The “universal functional” of DFT is
unknown, except for its analytical properties, which are truly ugly.

As I see it, one can identify two schools of DFT:

1. Hohenberg-Kohn school, founding DFT on the famous Hohenberg-
Kohn theorems.

2. Levy-Lieb school, founding DFT on the constrained-search
formalism.

The latter appraoch is more transparent, so we will largely stay
within the Levy-Lieb approach to formulating the basics of DFT.

The Schrodinger equation

We recap the Schrodinger equation for N electrons in an “exter-
nal potential” v(r). This potential, together with N, describes the
molecule under consideration. Recall that a molecule is speci-
fied by a nuclear arrangement R = (Ry,---, Ry, ) and charges
Z=(Zy, -+ ,Zn,,.)- Given this data, the molecular potential is

Nnuc _ ZA

o= X ol

(11.1)
el
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The Hamiltonian is

Ho)=T+W+7V, (11.2)
where
R N
V=23 o). (11.3)

i=1
We introduce the v-dependence of the Hamiltonian. Changing v
changes the molecule, for example by moving the nuclei around.
The part T + W does not depend on the molecule (apart from
N), and are termed universal. We are interested in computing the
ground-state energy of H(v):

E(v) = w,ﬂ}lfiﬁlﬂ (¥|A(0)[¥) = (Yol H(v)[¥0), (11.4)

where ¥ is the minimizer, the lowest-lying eigenfunction of H(v),

H(v)¥y = E(v)¥,. (11.5)

The density

Central to DFT is the electronic density. It is a fact that for a po-
tential v(r), with N-electron operator V as above, and given an N-
electron wavefunction ¥(1,- - -, N), the expectation value is given

by

(VIY) = [ plr)olr) d, (11.6)

R
where p(r) is the N-electron density coming from ¥. This density is
defined as follows: Every wavefunction has a unique
density p, but there could be many
— L L4 . 2' ) wavefunctions that has one particular
p() = NT [ dex¥((nw) o )P (ag) et

Note here that we are starting with the N-electron space-spin prob-
ability density [¥|? and integrate out everything except a single
electron spatial coordinate. All spin coordinates are integrated
(summed).

It is straightforward to see that:

° fp(r) dr =N,
* p(r) 0.

N-representability conditions of
Additionally, one can prove that if the wavefunction has finite ki- electron densities

netic energy, then

o [IVp* < +oo.

It can be shown that conversely, any function p satisfying the above
three criteria come from some electronic wavefunction with finite ki-
netic energy. The conditions are therefore called “N-representability
conditions”, and we say that p is N-representable if these conditions
are met.

The interpretation of the density is that p(r)dr is the number of
electrons in a small box of volume dr at .
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We now prove Eq. (11.6).

N
(F|V[¥) = /dx1 cdxn Y o) [E (x, - - 1)
i=1

N
= 3 [ dago(m)[ ¥, )P
i=1
N
= Z/dxi coodxy - - dano(r)|¥(xg, -, xq, -+ ,xn)|? (rename integration vars)
i=1

N
= Z/dxl cedxno(e)[¥(xy, -+, X, xn)|* (perm. symm. /reorder [)
i=1

:N/wrummmwmwnmw

= / dro(r) Z/dxz codxn|F((r,w),x2,- -+ ,xn)|?  (shuffle and rename)
h w

:/drv(r)p(r). QE.D.
(11.8)

A special case of a density is that coming from a Slater determi-
nant: Let

|P) = [191 - ¥n/2PN/2) S (11.9)

i.e., a Slater determinant as encountered in RHFE. Then it is straight-
forward to compute

N/2

p(r) =2 Y |pi(r)* (11.10)
i=1

Constrained-search theory

Let ¥ be a normalized N-electron wavefunction, and let py denote
the density of ¥. We then have

(YA ()[¥) = (¥|T + W[¥) + (¥|V]¥)

A (11.11)
= (¥|T + W[¥) + / o(r)p(r) dr,
where we used the result of the previous subsection.

Observe that the molecule dependent term of the expectation
value only depends on the density of ¥, only a tiny part of the in-
formation of the wavefunction. We therefore split the minimization
into two steps: In an outer minimization, we minimize over all pos-
sible densities p that come from some normalized wavefunction
(i.e., they are N-representable), and in an inner minimization, we
minimize over all the wavefunctions that actually have this density.
The result is the Levy—Lieb variational principle

E(v) = min{ (min (T + W|‘i’>> + /vp}

o0 Yi—p

= rnpin (FLL(p) + /vp) :

(11.12)
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Here, we defined the Levy—Lieb constrained-search universal functional

Fr(p) = min (¥|T + W[¥). (11.13)
Y—p
The functional is termed universal, since it does not depend on the
molecule in consideration, only the fact that we have N electrons.

We can visualize the constrained search as follows, see Fig-
ure 11.2.3.

At the bottom, we have the space of all N-representable den-
sities. At the top, we have the space of all normalized N-electron
wavefunctions. Since each wavefunction has a density, the latter
space gets divided into strata of wavefuntions that share the same
density. Thus, we can nest the minimizaton over all wavefunctions
into an outer minimization over densities and an inner minimiza-
tion of the stratum of all wavefunctions sharing that density.

We have now achieved something remarkable, being the core of
DFT: We have replaced the variational principle, which minimized
over very complicated N-electron wavefunctions, with the Levy-
Lieb variational principle, which minimizes over densities. The
set of all densities is much more easy to describe and model than
the set of all wavefunctions. Of course, there is not really any free
lunch here — the universal functional Fy | is extremely ill-behaved
and complicated. Indeed, to evaluate it we must reconstruct all
the wavefunctions with a given density. This is a hard task, and
basically no easier than solving the original Schrodinger equation.

On the other hand, there might be very useful approximations to
F 1 that produce relatively easy-to-solve computational problems.
This will be discussed in the next lecture, on Kohn—-Sham DFT.

Interpretation of the Levy—Lieb functional

Let us briefly interpret the Levy-Lieb functional F 1. Suppose v is a
potential with a ground-state wavefunction Yo whose density is pg.
Then

E(v) = (¥o|T + W + V|¥p)
= (YolT+W[¥0o) + / £ov (11.14)
= F.i(po) + /POU-

Thus,
Fir(po) = (Yol T+ W[¥o). (11.15)

The Levy-Lieb functional is therefore interpreted as the intrinsic
energy of a density, since it measures kinetic plus electron repulsion
energy wheneger pg is a ground state density.

Critical point condition

Whenver we are given a minimization problem with a differen-
tiable objective function, the minimum must satisfy a critical point

All normalized wavefunctions

All densities

Visualization of constrained-search
division of the unit sphere in Hilbert
space.
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condition. In our case, we are minimizing

G(p) = Firp) + [ op

over all N-representable p. If F1, were differentiable, we would
have

fpm(p) +o=0, (11.16)

where we used the functional derivative, which generalizes the par-
tial derivative to “functions of functions”. The functional derivative
of a functional A = A(p), when it exits, is defined as a function
0A(p)/dp that satisfies
tim e (A(p+en) —Ap) = [ Ay ar,  aay)
e—0+ op
for all possible functions #(r). We will not have the need for any
deeper understanding of the functional derivative than it being a
generalization of the partial derivative of a multivariate function.
Also, we used the fact that

i/v =0
5p p=70

Now, we have claimed that Fyp, is highly pathological, and in
fact it is not differentiable at all. But virtually all DFT textbooks as-
sumes that it is so, and calculates its derivatives with abandon. We
will follow this practice, and merely mention that it can all be made
perfectly rigorous. For that, one needs advanced mathematical
theory, namely that of subdifferentiation of lower-semicontinuous
convex functionals. The interested student is directed towards the
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seminal research article by Lieb (1983)." *E.H. Lieb. “Density Functionals for

It is a fact that at the end of the day, we will do our calculations
with differentiable model functionals instead of Fy. This further justi- 0020-7608
fies the manipulation of expressions with functional derivatives that
don’t exist in the usual sense.

Returning to Eq. (11.16), we see that p is the ground-state density
of the Hamiltonian H(v) if

1)
—0 = %FLL(P)-

This is, of course, assuming that we are allowed to take deriva-

tives. This relation will be key in the derivation of the Kohn-Sham
approach to DFT.

Fork in the road

Coulomb Systems”. In: Int. |. Quant.
Chem. 24.3 (1983), pp. 243—-277. ISSN:

W
We have come to a proverbial fork in the road. There are two ways E orbital_-ﬁ-ee DE'>
l o

forward to produce computable approximations. The conventional

Pz

Sm D

aproach is Kohn-Sham DFT. It is the undispited workhorse of quan-

tum chemistry, and described in the next lecture. Kohn-Sham DFT
became rapidly popular after its invetion, but progress has stalled
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somewhat. As a consequence, Orbital-free DFT is the less conven-
tional, yet increasingly popular alternative. Its goal is to find useful
approximations to the universal functional Fj and directly solve
Eq. (11.16).

We now give a presentation of the original “school of thought” in
DFT, based on the Hohenberg-Kohn theorems.

The first HK theorem

First Hohenberg—Kohn Theorem: Consider two systems of
N electrons in external potentials v1(r) and v,(r), respec-
tively. Let the ground state densities be p1(r) and px(r),
respectively, and assume that the ground state wavefunctions
are non-degenerate. Then, p;(r) = pa(r) everywhere implies
that v1(r) = v2(r) + p, where y is some constant.

In other words, for a density p(r) with N electrons that is the
ground-state density of some potential, the potential is uniquely
given up to a constant p.

This striking result has an important consequence: Let p(r) be
the ground-state density of some potential. Since then v(r) is unique
(up to p), the Hamiltonian H(v) is also unique (up to a constant
potential). The ground-state wavefunction can then in principle be
found, and this function does not depend on the arbitrary constant.
All expectation values of any observable can now be computed. In
conclusion:

Corollary: If p(r) is a ground-state density of a potential
with a non-degenerate ground state, the potential (and this
molecule) and all its physical properties are uniquely given
by the density.

This observation has led researchers to think of the density as
“determining everything”, and therefore being a “basic variable” of
quantum chemistry.

Is the HK theorem mathematically rigorous? Modulo some for-
mal points omitted in the original paper by Hohenberg and Kohn?
(and in most DFT texts), yes. However, for many years, the proof of
the HK theorem contained a flaw, and mathematicians have spent a
lot of effort patching this non-rigorous argument. Only recently has
it been established once and for all.3.

There is a catch, though: That the potential is essentially uniquely
given by the density does not mean that the potential is continously
given. There are examples of densities p; and p; that are arbitrar-
ily close together, but whose potentials v; and v, actually differ by

2 P. Hohenberg and W. Kohn. “Inho-
mogeneous Electron Gas”. In: Phys.
Rev. 136.3B (Nov. 1964). Publisher:
American Physical Society, B864-B871.
DOI: 10.1103/PhysRev. 136 .B864.
URL: http://link.aps.org/doi/10.
1103/PhysRev.136.B864

3 L. Garrigue. “Unique Continuation
for Many-Body Schrédinger Operators
and the Hohenberg-Kohn Theorem”.
In: Math. Phys. Anal. Geom. 21 (2018),

p- 27
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arbitrarly large amounts. Thus, very close densities can describe
wildly different N-electron systems! This catch makes the intuitive
power of the HK theorem less useful in rigorous arguments.

The HK mapping

The function v +— p that takes potentials into their ground-state
densities is well-defined, for all densities that actually have ground
states. The inverse mapping is provided by the HK theorem: p —
{v+ | p € R}, meaning that the inverse mapping maps to a class
of potentials.

Proof of the first HK theorem

We start with a lemma: If v; and v, are potentials that have the
same non-degenerate ground-state wavefunction ¥, then v; =
vy + p for some constant.

The lemma is proven by contradiction: Let v; and v, be two
potentials that differ by more than a constant, i.e.,, v # vy + 4,
yet they share the same ground state ¥. We have two Schrodinger
equations

A(v))¥ = E(v1)Y,

and
H(v)Y = E(vp)¥.

Subtracting these, we get
[Vi = Vo — E(v1) + E(v2)]¥ = 0.

Dividing by the wavefunction, we see that V; = V, + E(v;) — E(v2),
and therefore v1 = vy + (E(v1) — E(v2))/N, a contradiction. There-
fore, it is not possible that the potentials are different by more than
a constant yet the wavefunctions are the same. Thus, the lemma is
proven.

We note that dividing by ¥ is only allowable if ¥ # 0 almost
everywhere. This was the non-rigorous part of the original HK
theorem and proof. Patching this required the effort of very clever
mathematicians over many years.

Armed with the lemma, we prove the main theorem. Again we
argue by contradiction. Suppose that vy # vy + p and that their
ground state densities satisfy p; = p2. We want to show that this
leads to a contradiction. We know from the lemma that ¥; # ¥5,
the ground states for the two potentials. Since ¥ is not the ground
state of F(v;) (by non-degeneracy assumption), the variational
principle gives

E(v1) < (Y2|H(v1)|¥2) = (Y2|H(vp)[¥2) + (¥2|V1 — Va[¥2)

= E(v2) + [ p(or —02),
(11.18)
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where we used that the densities are the same by assumption. By
symmetry we similarly obtain

E(vy) < E(v1) + /p(vz —01). (11.19)
Adding the two inequalities,
E(vq) + E(v2) < E(v1) + E(v2),

where the density integrals canceled. This is clearly a contradiction,
showing that it is not possible to have potentials differing my more
than a constant with the same ground-state densities. The converse
must then be true, and the proof is complete.

We already know of one unversal functional, Fij derived using
constrained-search methodology. The original foundation for DFT
was, however, the following:

Second Hohenberg-Kohn Theorem: There is a unique uni-
versal functional Fyk (p), defined on the set of ground-state
densities, such that

E(o) = min (B (o) + [ 00),

where the minimum is taken over the set of ground-state
densities.

The second HK theorem is easily obtained using our prepara-
tions, and the HK mapping. Let p be a density, assumed to have be
v-representable. Then its potential is v,, up to a constant p, but the
ground-state wavefunction ¥, is unique. We define

Fi(p) = E(vp) = [ pvp.

We now let v be an arbitrary potential with a ground state ¥, and p
be an arbitrary v-representable density. It has associated a unique
ground-state wavefunction ¥, and a potential v,. If p is not the
density of v, then v, # v + y, for every constant y. Then, by the
lemma leaning up to HK1, the wavefunction ¥, # ¥ as well. Thus,
E(v) < (¥o|H(0)[¥,)
= (Yol H(vp)[¥p) — (¥p|Vp — V[¥,)

_ E(vp) B /P(Up — ) (11.20)

On the other hand, if v, = v, then we clearly have

E(v) = Fux(o) + [ po,
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by definition of Fyk(p). Thus,

E(v) = min (FHK<p) +/ pv) , (11.21)

as claimed. Q.E.D.

Admissible functionals

Even though we have two very similar variational principles for the
ground-state density, there are subtle differences:

E(v) = n})in <FLL(p) + /vp) , (11.22)
and
E(v) = min (FHK(p) +/ vp) - (11.23)

The LL functional must agree with the HK functional at the den-
sities that happen to be ground-state densities. Otherwise, the
ground state energy would change. However, the LL functional
is defined on a larger set than the HK functional, since we did not
require that p was a ground-state density for its definition!

There are other universal functionals as well, that all lead to the
same E(v) when used in minimization. The precise definition does
not matter for practical DFT. We shall henceforth use the notation
F(p), and call it “the” universal functional.

The material scratched here is detailed in the saminal article by
Lieb 4. 4E.H. Lieb. “Density Functionals for
Coulomb Systems”. In: Int. |. Quant.

. . . .\ . . Chem. 24.3 (1983), pp. 243—277. ISSN:
One particular issue is that we have uncritically written “min” 0020-7608

We have been a little non-rigorous in our presentation so far.

when minimizing over densities. We have implicitly assumed
that our potential had a ground state ¥, and then we know that
E(v) = (¥|H(v)|¥). But there are potentials (i.e., molecules) that
do not have ground states! Consider for example trying to place 100
electrons in the hydrogen potential.

In general therefore, the variational principle must be written

E(v) = inf (¥|H(0)[¥),

where the minimization is carried out over all normalized wave-
functions of finite kinetic energy. This in turn leads to the LL varia-
tional principle taking the form

E(v) = inf (FLL(p) +/vp> .

p€ln

The infimum is taken over all N-representable densities.
We now need to consider Lebesgue spaces. These are vector spaces
of functions, with norms that make them complete, i.e., Banach
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spaces. The interested reader is directed towards the excellent book
by Kreyszig>.

Let1l < p < 400, and (3 C R" be an open domain, i.e., a “nice
set” without boundary. The Lebesgue space L?(R?) is defined as
the set of all functions f : ) — R such that

= (frrae) < e

This defines a norm, and L?(Q)) is complete under this norm.
(There is also a subtle point glossed over here, that f € LF(Q)
only defined up to a set of measure zero, since such sets do not
contribute to the integral. Thus f and the function f obtained by
changing f at, say, a countable number of points actually repre-
sent the same vector in our Banach space.) For p = +oo one says
that f : QO — R € L®(R3) if there is a constant C > 0 such that
|f(x)| < C almost everywhere.

The set of N-representable densities can be described mathemati-
cally as

In = {p € L'(R®) | p > 0 ae., Vp'/2 € L2(R®)}. (11.25)

Lieb demonstrated that for every p € Zy we also have p €
L3(IR?). Thus,
p € X =LYR®) NL3(R?).

The space X is a Banach space with norm
el = [luefl + [fulls-

For the integral | vp to make sense, v must be sufficiently regu-
lar. Moreover, we want molecular potentials (Coulomb potentials)
to be meaningful. Lieb chose the space X precisely because the dual
space X’ consists precisely of those functions v : 3 — R for which
the integral [ vp makes sense for every p € X. Furthermore, X’
consists of functions on the form

0= 'Z)3/2+Uoo,

where v3,, € L32(R3) is the short range part and ve € L®°(R®) is
the long range part. Indeed, the hydrogen Coulomb potential can be
written
L 1exp(—r) + 1(1 —exp(—r)).
T r
It is readily verified that the first term is in L3/2 (by direct integra-
tion) and that the second term is bounded. Similarly, any molecular
nuclear potential is in X’.

Lieb now defined a universal functional Fi, : X — RU {+oo}
(where we allow the functional to take infinite values!) by the ex-
pression

flp) = sup (E() - [ e0). (11.26

veX’

5 Erwin Kreyszig. Introductory func-
tional analysis with applications. en. New
York: Wiley, 1978. 1SBN: 978-0-471-
50731-4

“Almost everywhere”, often abbrevi-
ated, “a.e.”, means that the condition
given can be violated violated at most
at a set of measure zero.
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This functional can be proven to be such that

E(v) = pig}f( (FL(p) + / pv> . (11.27)

The Lieb functiononal is the smallest functional that gives the
correct ground-state energy E(v) when used in the minimization
procedure. Among the admissible funcitonals it is also the only
convex and lower-semicontinuous functional. However, it is not
differentiable, just like the HK and LL functionals . ...

The take-home message is the following:

In DFT, the ground-state problem for a potential v is ob-
tained as a Legendre transform of a universal functional

F(p),
E(v) = mpin (P(p) + /vp> :

This functional is not unique, and we have seen in par-
ticular the Levy-Lieb constrained-search functional, the
Hohenberg—Kohn functional, and the Lieb functional. The
specific choice does not matter in practice, since we will
introduce model functionals at the end of the day.
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Lecture 12: Density-functional theory,
continued

Solving a non-interacting problem

Central to KS-DFT is the introduction of a “fictitious” non-interacting
system (abbreviated ‘s’) in an “effective potential” vs. We will come
back to later what exactly this means, but for the moment we ask
ourselves: If I have a general external potential vs(r), what is the
ground-state wavefunction of N non-interacting electrons in this
potential?

The solution is obtained via separation of variables and making
sure that the Pauli principle is satisfied. The N-electron Hamilto-
nian is

~ L A 1
HS:Zhs(z), hS:—§V2+vs(r).

Suppose we can diagonalize fis completely, or at least find the first
few eigenfunctions:

hspp(x) = eppp(r), p=1,2,...

Qop(r)(l’q(r) dr = bpq

Then we can build spin-orbitals x2,-1 = ¢p |#) and x2p, = ¢ |B)
in the usual maner. A Slater determinant built with these spin-
orbitals will be an eigenfunction of Hs:

[pip2-+ pr) = s detly (7).

N
H|pipz2---pn) = Eslpip2---pN), Es =Y ep,
iz

The ground state of F.g has minimal energy. This is obtained by
using the N lowest-energy spin-orbitals, i.e., by doubly occupying
the N /2 first ¢;,. The density of this ground state is.

N/2

o(r) =2 ; |gi(1)[?
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DFT for non-interacting electrons

Recall that the universal functional F(p) minimizes the intrinsic en-
ergy of p, and was defined for a system of interacting electrons. What
happens if the starting system was described with Heg, which has
no interactions between the electrons? We can still use constrained-
search as before,
Es(vs) = min min (¥ |T|¥) + /pvs =minF(p) + /pvs
P Fep P

“ //

Here, we introduced the subscript “s” on the energy functional and
the intrinsic energy to distinguish notationally from the interacting
“true” system.
Now, we observe that we know the ground-state wavefunction
and its density:
Ys = 9191 on/29N/2) -
N/2

r) =2 ; |gi(x)?

This is assuming that we can solve the “trivial” single-electron
problem. We then obtain

N/2
Fss(ps) = Ts(ps) = ‘FS|T|‘PS = Z (Voi, Vo).

Thus, when we know that ps is the ground-state density of merely
some potential, then Fs(ps) has an explicit functional form. The
universal functional is known for non-interacting electrons!

Kohn-Sham splitting of the universal functional

We return to the interacting system. Kohn and Sham introduced the
idea that one could separate

F(p) = Ts(p) + Enxc(p) = Ts(p) + En(p) + Exc(p)-

Here, Ey is the Hartree energy,

p(r)p(r2)
2 / |1‘1 1, dr dl‘z

Furthermore, Exc(p) is called the “exchange-correlation energy”,
and is defined by the above formula as Exc(p) = F(p) — Ts(p) —
Ex(p). The idea is that the functional F(p) should predominantly
be given by the non-interacting kinetic energy and the Hartree
energy, everything else, being the hard to model part, is Exc(p).
Recall that the Levy-Lieb variational principle states that

E(v) = m1n< +/vp>

To find the minimum we differentiate and set equal to zero:

We will now use the symbol F for
“the” universal functional. It is not so
important which one we choose.
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This is an equation where p is the unknown.
We now note that
g p(rz2)
—E =W r)= | ——
§P H(p) H(P)( ) |1‘—1‘2|
This is the classical electrostatical potential set up by the electrons.
We also note that

)
%Exc(p) = Vielp) =722

This functional derivative is unknown. As discussed in the pre-
vious lecture, it is not even well-defined. But we shall pretend that
we are given a model for the exchange-correlation potential, and that
this model is differentiable. The derivative is called the exchange-
correlation potential. So, assuming that we can differentiate every-
thing, we get:

P
%Ts(p) + V(o) + Vae(p) +v =0

=v;

We now observe that this is the DFT minmization problem for
the non-interacting system with potential vs. But this is exactly
solvable as above; we simply find the N /2 first eigenfunctions of
the single-electron operator

. 1,
hy = —§V + vs(r).
hsi(r) = €ipi(r).

N/2

o(r) =2 ; |gi(r) 2.

Self-consistent field iterations

We note that v; depends on the density p. The eigenfunctions com-
ing out out Jiog must have the same density. Indeed, we have solved
our ground-state problem in the Kohn-Sham formulation precisely
when we have a self-consistent solution:

1. Set n = 0, and choose a density guess p(?).

2. Compute of") = v,(p™) = v+ o1 (p")) + Ve (p")

3. Solve non-interacting Schroedinger equation with potential vgn)

(n+1) n+1)

to obtain orbitals ¢, and the corresponding density plth),

4. Is the new density sufficiently close to the old density? If yes, we
have obtained our ground-state density. The energy is computed
by

E(v) = Ts(p) + En(p) + Exc(p)-

If no, set n <~ n+1 and go to 2.
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This procedure is analogous to the SCF iterations of Hartree—-
Fock. In fact, it is precisely SCF iterations, but now the exchange
energy/potential is replaced by the exchange correlation ener-
gy/potential!

This explains the term “exchange correlation”: It contains not
only exchange as in Hartree—Fock, but also correlation, as DFT
describes correlations between electrons.

The wavefunction is not a Slater determinant

One fact is important to be aware of: Even though we are solving
for a Slater determinant in the non-interacting system, this system
is not real, i.e. it is fictitious and only a mathematical device to get
a computable approximation. The actual ground state wavefunction
Y for the interacting system just happens to have the same density as
the fictitious system. The wavefunction is correlated, and is a sum
of many Slater determinants using the Kohn—-Sham orbitals. But the
density is p.

Thus, in DFT, we do not have a wavefunction!

One should therefore be careful with interpreting the obtained
MOs physically.

Having established the basic SCF procedure for Kohn-Sham DFT,
the next issue is the determination of exchange correlation energy
models.

John Perdew introduced “Jacob’s Ladder” as a pedagogical de-
vice to illustrate the levels of approximation in DFT. At the bottom
we have “Hartree hell”, and at the top we have “FCI heaven”. The
lowest rung of the ladder is LDA. Then comes GGA, meta-GGA,
and finally hybrid functionals.

Using a religious metaphor like this reminds us that the hier-
archy of increasingly more complicated functionals in DFT can be

viewed as wishful thinking. The functionals are rarely rigorously

defined; rather they are semi-empirical in nature. Research can be

claimed to have stalled the last decades, and the most widely-used £ H a

| —
b E
rtree hell

Jacob’s Ladder in DFT, visualized
with the aid of ChatGPT and some
Photoshop.

functionals such as B3LYP, a hybrid functional, were developed
already in the 1990s!

Local density approximation (LDA)

The exact XC functional is of course extremely complicated, and
will depend on p in a highly nonlocal manner. On the other hand,
the simplest models we can make use only the denisty at local
points.

The starting point is the assumption that locally the system
behaves like a uniform electron gas. That is, p(r) varies slowly in
space. Thus, we seek the exchange correlation energy functional



LECTURE 12: DENSITY-FUNCTIONAL THEORY, CONTINUED

of a gas of electrons with constant (uniform) density. The general
functional form in LDA is

EPA(0) = [ p(esclp(v)) d.

Here, exc(p) is the exchange correlation energy per particle and is
an unknown function to be determined. Th The e corresponding
exchange-correlation potetial becomes

SEx2*(p)
op

It is custumary to write exc = €x + €. The exchange part can be

Vit (o) (r) = = exc(p(r)) + p(r)exc(p(r)).

obtained analytically for the uniform electron gas. The result is:

3/3\3
o =—3(2) "

7T

The total LDA exchange energy becomes

3 /3\Y3

which is also called the Dirac exchange energy functional for the
uniform electron gas. We have

1/3
VA ) =~ () pte”

The correlation energy density e.(p) is not analytically solv-
able, however. It is most commonly obtained by fitting analytical
formulas to advanced quantum Monte Carlo simulations, for ex-
ample. The interested student can look up Parr and Yang’s book
“Density-Functional Theory of Atoms and Molecules”, Appendix E,
for actual expressions

Applicability of LDA

The basic assumption of LDA, that the density is slowly varying, is
often justified in solids, but not in atoms and molecules. Still, LDA
can provide quite good results.

The Xwa approximation

To illustrate LDA, we consider a very old method by Slater, who
introduced a simplification of the Hartree-Fock method called the
Xa method in 1951. This was done in the 1920s, way before Kohn
and Sham. The idea was that the exchange term in Hartree—Fock is
the by far most complicated term to compute. Recall

A 1
f=—2V2+0(r) +ou(r) + ox.
2 ——
HHF
Recall that the exchange operator 9y in Hartree-Fock is a non-local
operator, necessitating complicated and expensive integrals for

evaluating the action of f on an orbital.
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Slater took results from the uniform electron gas and proposed
to replace the exchange operator by the Dirac exchange term, lead-
ing to the Xa method. He introduced a scaling factor « to the ex-

change term,
EX*(p) = B (o)

3 1/3
2 —a(2) b

7T

Thus, HF and KS-DFT are both SCF problems. We can turn HF
into an approximate LDA version of KS-DFT, where correlation is
completely neglected. This is the Xa method.

Generalized-gradient approximation (GGA)

In LDA, it was assumed that the exchange and correlation energies
per particle only depended on the local density p(r). However, this
is a too simple approximation. The next step would be to introduce
the gradient of the density in the energy per particle:

et = (0, V),

leading to a total energy

EC (p) = [ p(0)eS (p(x), Vp(x) dr.

To obtain the exchange-correlation potential, we must compute the
functional derivative, which becomes more involved than before.
We will not detail it here.

Various forms of eG54 lead do different GGA functionals. What
does the energy density typically look like? We introduce a dimen-
sionless quantity s(r) called relative inhomogenity,

_ Vo)
() = e’

where the local Fermi wavenumber of the uniform electron gas is
ke(r) = (37°p(r))"?

and measures the density-dependent characteristic momentum
scale: For a uniform gas with density p(r), all plane waves with
momenta up to kg(r) are occupied. Thus,

density gradient

S(r) ~ . 7
(x) momentum scale x density

measures the inhomogenity of the density. For example, if the den-
sity is totally uniform, then s(r) = 0. The larger s(r), the faster the
density changes locally.

This measure is used to build GGA functionals:

eSS (p, Vp) = kP2 (p) - Fu(s),

where Fy(0) = 1, recovering LDA at the uniform limit. An example
of a GGA functional on this form, is the Berdew-Becke-Ernzerhof
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(PBE) functional, which is perhaps the most popular GGA func-
tional today.

GGA functionals improve LDA in several respects. In particular
atomization energies and bond lengths are greatly improved.

Meta-GGA functionals

The next level of approximation involved bringing in the orbitals
directly. These are not truly related to the wavefunction of the inter-
acting system, but it is reasonable to assume that some information
is coded in the orbitals. For example, the kinetic energy density

should be useful:
N/2

(r) = ; Vi(r)[%.

The kinetic energy of the Slater determinant of the noninteracting
system is now [ 7(r) dr. In meta-GGA functionals, we have the
exchange-correlation energy density form

meta-GGA

€xc (P/ VP; T)/

leading to the exchange-correlation energy

ERe SR o] = / p(r)ele ™ A p(r, Vp(r), 7(r))) dr.

One nice thing with the kinetic energy density 7(r) is that one can
distinguish regions with covalent bonds or metallic regions, as well
as the tail region of electron densities. This allows for functionals to
distinguish these regions by having different behavior for different
kinetic energy densities.

Two examples of standard meta-GGA functionals are TPSS (Tao—
Perdew-Staroverov—Scuseria, 2003), and SCAN (Strongly Con-
strained and Appropriately Normed, 2015). These functionals have
no empirical parameters.

Hybrid functionals

Hybrid functionals take the viewpoint that the “exact” nonlocal
exchange of Hartree—Fock will give a useful correction to the ex-
change energy. In Hybrid functionals one sets
EWPN = gERF 4 (1 - a)EDFT 4 EDT,

where “DFT” indicates one of the above described types of semilo-
cal exchange and correlation energy functionals. Hybrid functionals
become expensive due to the Hartree-Fock exchange energy, which
is fully nonlocal, and are admittedly ad hoc in structure, since the
HF wavefunction has nothing to do with the actual interacting
wavefunction, except for having the same density.

The most famous hybrid functional is B3LYP. PBEo is also a
widely-used funtional.

159
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Common DFAs and Their Properties

This section is generated with ChatGPT, and the information is verified.

Exchange-

Functional Type Correlation Key Features Notes

Slater (Xa) LDA Local exchange Simplest local Historical, used
only (scaled approximation before full DFT
uniform gas)

VWN (Vosko- LDA Uniform gas Local correlation Standard LDA

Wilk-Nusair) correlation parametrized from correlation

QMC functional

PBE (Perdew- GGA Nonempirical Satisfies known Very widely used

Burke-Ernzerhof) exchange and exact constraints for solids
correlation

PWoz GGA Nonempirical Early Predecessor to

(Perdew-Wang exchange and constraint-based PBE

1991) correlation GGA

BLYP (Becke88 + GGA Empirical Fit to atomization =~ Popular in

LYP) exchange and energies and quantum
correlation molecular chemistry

properties

TPSS meta-GGA Nonempirical Adds kinetic First fully

(Tao-Perdew- exchange and energy density nonempirical

Staroverov- correlation 7(r) meta-GGA

Scuseria)

SCAN (Strongly meta-GGA Nonempirical Satisfies all 17 Very accurate

Constrained and exchange and exact constraints across diverse

Appropriately correlation systems

Normed)

Moé6-L meta-GGA Empirically fitted  Strong fit to Useful in
exchange- molecular data chemistry; less
correlation physical rigor

B3LYP Hybrid 20% HF exchange = Semiempirical Extremely popular
+ BLYP hybrid in quantum

chemistry

PBEo Hybrid 25% HF exchange = Nonempirical More physically
+ PBE hybrid justified than

B3LYP
HSE Hybrid Short-range HF Screened Good for band

(Heyd-Scuseria-
Ernzerhof)

(Range-separated)

exchange + PBE

exchange for
solids

gap prediction
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Aspect LDA GGA meta-GGA Hybrid
Locality Local Semi-local Semi-local + Nonlocal (exact
orbital density exchange)

Accuracy for Poor Better Very good Excellent

molecules

Accuracy for Reasonable Very good (PBE) Very good (SCAN) Very good (HSE)

solids

Band gaps Badly Underestimated Still Improved
underestimated underestimated (esp. with range

separation)
Cost Very low Low Moderate High







Lecture 13: Computational cost

This lecture also introduced a recap of the methods introduced so far. This
recap is skipped in these notes.

In quantum chemistry we are faced with the problem of solving
the N-electron Schrodinger equation. The FCI problem has com-
binatorial storage requirements due to the length of the coefficient
vector. We have to bring the cost down, and this can be viewed as
the driving force behind the development of all the various quan-
tum chemical methods. This has also been the main driving force
behind choosing GTOs as basis functions in quantum chemistry.

Thus computational cost is a big issue. This is the topic of to-
day’s lecture.

Computational cost has several sides, among which we find:

e What are the memory requirements of a calculation?

e What is the cost of performing the calculations?

* To what degree can a calculation be parallelized, i.e., distributed
over several CPUs, GPUs, or supercomputer nodes?

Single precision floating point numbers

When calculating numerically, computers use floating point numbers
with finite precision. For the following discussion, recall that 1 byte
(B) = 8 bits.

A single precision floating point number typically occupies 4 B (32
bits) of memory. It is structured as:

(—1)° x 1.f x 2¢71%7
* s: 1 bit, giving the sign,

* e: 8 bit integer, i.e., 1 B, for the exponent (with a bias of 127),
which gives exponents in the range —127 to +128

® f: 23 bits for the fraction (mantissa), with an implicit leading 1 in
normalized numbers.

This gives about 7-8 decimal digits of precision and a range of ap-
proximately 10738 to 10% for the absolute values of numbers.
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Note that floating point numbers come with limitations. For ex-
ample, the number 10!% cannot be represented in single precision.
Moreover, the result of 1+ 1072 = 1 in finite precision, since 109,
while well in the range of what single precision numbers can repre-
sent, is too small to be visible in the 23 bits allowed for the fraction
part of a number.

Double Precision Floating Point Numbers

A double precision floating point number uses 8 B (64 bits), and is
vastly more expressible than single precision numbers:

(=1)° x 1f x 207105
* s: 1 bit, giving the sign,

® e: 11 bit integer for the exponent (with a bias of 1023), which
gives exponents in the range —1023 to 41024

* f: 52 bits for the fraction (mantissa), with an implicit leading 1 in
normalized numbers.

Double precision numbers have about 15-17 decimal digits of
precision and a range of roughly 1073% to 103% for the absolute
values of numbers.

Most calculations are today done in double precision, since mod-
ern computer architecture is optimized for this. An (important)
exception is calculations on graphics processor units (GPUs), typical
in machine learning, where single precision is used.

Virtually all calculations that produce a floating point number as
result can be decomposed into a number of additions/subtractions
and multiplications/divisions. In practice we count multiplications
since these are by far the most costly on modern computers. This
gives a rough measure, but in practice it is sufficient.

Computer memory

Computer memory is a complex topic, but let us summarize the
most important qualitative features: The computer’s random access
memory (RAM) is where numbers are stored when the computer is
working with them. RAM is fast but volatile: when the computer is
turned off, RAM is wiped. A typical laptop has 16-32 GB of RAM,
which must hold the operating system (OS) and all running soft-
ware, as well as its data, including numerical data for quantum
chemical algorithms.

The hard drive provides long-term storage for programs and files,
and uses different technology than RAM. Previously, hard drives
used magnetic disks and moving parts for reading and writing.
They were therefore relatively slow and noisy. Today, more and
more hard drives are solid state drives (SSDs), which have no moving
parts, physically much smaller, and much faster. However, SSDs are

A float in Python is a double preci-
sion floating point number, by default.

The IBM 3081 mainframe class
supercomputer introduced 1980 had
16 MB of RAM and apparently cost
around 3-5 million USD at the time.
Yes, this whole setup is the computer,
including printer, tape drives,
terminals, etc. For an interesting
personal viewpoint, see https://www.
tomshardware.com/picturestory/
508-mainframe-computer-history-2.
html (Photo: Norsk Teknisk Museum.)


https://www.tomshardware.com/picturestory/508-mainframe-computer-history-2.html
https://www.tomshardware.com/picturestory/508-mainframe-computer-history-2.html
https://www.tomshardware.com/picturestory/508-mainframe-computer-history-2.html
https://www.tomshardware.com/picturestory/508-mainframe-computer-history-2.html
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still much slower than RAM. Nowadays, hard drives have capacity in
the terabyte (TB) range.

The operating system also provides virtual memory, which means
that a chunk of the hard drive is used as swap space, allowing to em-
ulate extra RAM. When RAM is full — which happens a lot in large
simulations — the computer can move data between virtual memory
(on the disk) and RAM, referred to as swapping. This drastically
slows the computer down.

Storage requirements of vectors, matrices, and tensors

A vector of double precision floating point numbers (which is de-
fault in Python) requires 8 B per element. Thus, for a vector of
length N we need a memory of

Nx8B
In contrast, an N x N matrix requires
N? x 8 B.

More generally, a tensor with m dimensions of equal length N
requires
N™ x 8 B.

The maximum N is dramatically reduced when m increases. Let us
look at examples.

What is the largest matrix that can fit in 32 GB RAM, assuming
that all of the laptop’s memory was available?

32x10° =8N? = N =4% x10°°? ~ 6.3 x 10°

This is a pretty large matrix. Consider now the storage of the
electron-repulsion integral (ERI) tensor, (uv|r}, [aB), which is a
4-index symbol. With N atomic orbitals, we need to store N* floats.
In 32 GB we can fit

32 x10° = 8N* = N =8%% x 10°%? ~ 3.0 x 10?

Thus, with merely N = 300 AO basis functions, RAM is full!
(Clearly, some tricks are needed.)

Counting FLOPs

A floating point operation (FLOP) is a single arithmetic calculation
involving two double precision floating point numbers done on
the computer, such as addition or multiplication/division. Most
calculations can be broken down into arithmetic operations as well
as look-up tables. The main cost of a calculation consists of the
multiplications/divisions. Thus, if we count these, we get a picture
of the cost of a calculation.

In the 1980s, the typical high-end
computer had 16 MB of RAM! Jan
Almlof, who worked as professor in
Oslo, introduced the idea that ERI
tensor elements should be computed
on the fly. Such versions of HF and
other algorithms are called "direct".
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For example, consider the multiplication of an N x N matrix
with an N-vector, y = Ax. A single element y; is

N
yi =) Aijx.
=1

This comprises N multiplications (and N additions). However, since
there are N elements of y, the complete matrix-vector product costs
N? multiplications.

Consider next the multiplication of A with another N x N matrix
B,ie., C = AB. A single element of C is

N
Cij = ) AuBy-
k=1

This is again N multiplications, but now there are N2 elements,
totalling N® multiplications.
(One can also see this by noting that B consists of N column vec-
tors, so we get N times the cost of a single matrix-vector product.)
Other examples include the diagonalization of a matrix A:

E, U = np.linalg.eigh(A)

The eigh function calls a highly optimized library called LAPACK,
which implements an algoritm that requires an operation count
proportional to N®. However, wheras the matrix-matrix product
was exactly N® operations, the matrix diagonalization has a pref-
actor larger than 1. Thus, matrix diagonalization in is slower than
matrix-matrix multiplication, but asymptotocically, i.e., for large
matrices, they are proportional in cost.

Big-O notation

We are interested in the asymptotic behavior of calculations, as
function of the characteristic size parameters. This can be a matrix
dimension, number of particles, number of AOs, etc. A mathemati-
cal tool is the big-O notation.

The matrix-matrix product and matrix diagonalizations are ex-
amples of O(N?) costs. If f(N) counts the number of operations,
we say that

£(N) = O(NP)

if f(N) is dominated by CN? for some constant C when N is large.
Mathematically,
|f(N)| < CNP, large N.

Thus, matrix-vector multiplication is O(N?).
In general, the cost can be a complicated function, for example
the number of multiplications could be found to be

f(N) =1+ 20N +2N°.

This is O(N?) since this is the highest power present, and the term
2N?3 will be much larger than the other terms when N grows. For
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example,
f(10) = 2,002,001, 2- 10% = 2,000, 000,

£(10,000) = 2,000,000,200,001, 2 -10,000® = 2,000,000, 000, 000.

There are also other types of asymptotic behavior of interest.
For example, the fast Fourier-transform (FFT) algorithm, which
transforms a signal of length N into its frequency components, is
O(Nlog N), meaning that

frrr(N) < CNlogN, large N.

Note that N < NlogN < N2 whenever N > 1, so this cost is
between O(N) and O(N?).

Scaling is not all

Suppose we have two algorithms A and B for the calculation of
some quantity. We find that A is O(N?) and B is O(N?). Clearly for
large N, algorighm A should be prefered. However, for moderate N
the best algorihm depends on the prefactor in the O(N¥) definition.
For example, A could be

fa(N) = 1,000N?,

while
fs(N) = N>,

Clearly, for small N < 1,000, algorithm B will be the winner.
Note that for f(N) ~ CN?, where ~ means that we only exhibit
the dominating term in f(N), we have

log f(N) =log C + plog N.

Therefore, plotting f(N), which will be proportional to execution
time, in a double logarihmic plot, we expect straight lines. These
lines will cross at some N for A and B, indicating where each algo-
rithm will be the fastest.

We now discuss the computational cost of Hartree—Fock using
an AO basis with K elements. We focus on RHF and N = 2N,

electrons. Thus,
N
N, = PX Ny = K — N,.
The important ingredients needed for doing a HF calculation were
(see page 85):

¢ Core matrix Hyy:

— K2 matrix elements computed by library routines, O(K?) cost,
assuming each matrix element requires roughy the same num-
ber of FLOPs. Only done once.

: COMPUTATIONAL COST
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e Electron repulsion integral (ERI) tensor (pa|ry,'|vB)

- Four-index symbol, so K* integrals. Computed via library
routines, O(K*) cost. Only done once.

* Density matrix Dy, = 225\]:"1 Cyi@ = 2(CCH)W

— K2 matrix elements, each costing N multiplications, so O(N KZ).
Done in each SCF iteration.

* Hartree/direct potential [, = 255 Daﬁ(ya|rf21 [vB)

— K2 matrix elements, each being a sum over K? terms with one
multiplication each. So O(K*). Done in each SCF iteration.

¢ Exchange potential K, = } 255 Dap(pa|riy'|Bv).
— Same as the Hartree term.

* Diagonalization of Fock matrix in SCF iterations. This has O(K?)
cost.

We see that since each SCF iteration requires an O(N*) calcula-
tion, the bottleneck is the assembly of the mean-field matrices | and K as
well as the computation of the ERI tensor. For large systems, these
steps will completely dominate, and if one can bring them down
to O(K®), Hartree-Fock can treat an order of magnitude larger sys-
tems.

Density fitting

... (The rest of this lecture not yet typed up.)

< Bottleneck!

< Bottleneck!

< Bottleneck!
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Perturbation theory is covered well by Szabo and Ostlund. These lecture
notes will be updated later ...

Suppose you are given a function f(x) of which you want to find a
root. For example,

f(x) =2x+A(1+cos(x)), A =parameter, (14.1)

and you wish to find xg such that f(xp) =. This equation is hard to
solve, in the sense that an analytical solution is not available. How-
ever, for small A, the solution should be close to the one obtained
for A = 0. That problem is easy:

2x =0 < x=0. (14.2)

The idea of perturbation theory is now to look for solutions under
the assumption that A is small, using a power series expansion.
Thus, write

Xg = x(()o) + )»x(()l) + AzxéZ) +...

(14.3)
= x(()o) + Axo,
and insert into the root equation:
flxo) = f(xy” + Bx0) = 0
Axn)? (14.4)
= Axpf () + (AX0) 20) £+

Here, we used that f (xéo)) = 0. Inserting Axg = Y74 /\”x(()") into
the latter equation leads to a series expansion in powers of A:

flxg) = AL+ A2Ap + ... (14.5)

Here, we used that there are no zero-order contributions, since Ax
has leading term Ax(()l).

This expansion must vanish for all A. Therefore, every power of
A must vanish individually.

In our example,
f'(x) = x — Asin(x) (14.6)
f(x) = —Acos(x) (14.7)
(14.8)
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This leads to
1

()\x(()l) + Ax(()z) 4o )(x(()o) — Asin(x(()o))) + E(Ax((]l) + )\xéz) +)(=A cos(x(()o))) +

(14.9)

To find x((]l) is is enough to consider the leading terms:
[To be completed]

sVl Rayleigh—Schrodinger perturbation theory for matrix eigenvalue
problems.
RSPT
Matrix eigenvalue perturbation theory

[lustrate with two level system. Example, bonding in HF molecule.
Matrix, in electron volts:

en B ~136 B
B er B —186

H = (14.10)

1%

Typical values § ~ —1, —2 electron volts.
Analyze the exact eigenvalues, estimate location of singularities.

s %Y  Orbital perturbation theory

RSPT for the many-electron problem when the zero-order and
perturbation is a one-body operator. We can reuse results from the
previous section.

Why relevant: Application of electric field, perturbation theory in
semi-empirical methods (e.g., Hiickel theory), and more.

Moller—Plesset perturbation theory



Lecture 15: Introduction to multiref-
erence theory

In many situations, Hartree—-Fock is a good approximation, and most
of the wavefunction is described by a single Slater determinant
®yg. Recall that the Slater determinant is an uncorrelated wave-
function (except for unavoidable Pauli correlation). Post-Hartree—
Fock methods aim to make corrections to the Slater determinant,
i.e., build a correlated wavefunction:

Y = ®yp + Yeorr (small correction) (15.1)
This in turn leads to a correction to the HF energy:
E = Eyf + Ecorr (15.2)

By definition, Eyr is an uncorrelated energy. By the varational prin-
ciple, Ecorr < 0, since a better wavefunction always leads to a lower
energy.

The post-HF methods we have seen so far are:

¢ Configuration interaction, where the wavefunction is corrected
by excitations out of the HF reference:

[Yer) = [Pup) +)_cf (D) +) ) c?]-b |®%)  (CISD wavefunction)
ia

g
i<ja<b

¢ Coupled-cluster theory, where the wavefunction is correlated
with the exponential ansatz:

[¥ec) = exp(T) | @) -
¢ Moller-Plesset perturbation theory, where the wavefunction and
energy is expanded in a perturbation series.

When HF is a good approximation, the correlation arises from
description of the movement of electrons due to the repulsion between
them. This type of correlation is termed dynamic correlation.

Static correlation

When HF fails to be a good approximation, we have situation
where a single determinant is not a good starting point, and more
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Slater determinants are essential for even a meaningful starting
point. This termed static correlation. In this situation, Hartree—Fock is
qualitatively wrong.

This arises in several situations:

¢ Bond breaking: Simple example H, molecule
¢ Diradicals: Simple example, O, ground state; a triplet.

¢ Transition metal compounds: Where an unfilled d shell leads to
many closely lying electronic configurations.

e Molecules near conical intersections.
¢ Conjugated systems.
e Et.c.

We will consider the perhaps simplest example of static correla-
tion in the next subsection.

Dissociation of H in a minimal basis

The perhaps simplest example is dissociation of the hydrogen molecule,
where we have merely 2 electrons:

|PruE) = [P9),

a single doubly occupied orbital i(r). RHF produces excellent
results near equilibrium, but when the atoms are pulled apart, the
RHF wavefunction becmomes physically unreasonable, forcing both
electrons to be delocalized, with 50 % probability of residing on
each atom. Clearly, this is not the case in reality.

Let us introduce a minimal basis: Each H atom comes with a
single 1s function ¢4 and ¢p, and the single MO ¢ is a linear com-
bination of these:

P =cppa + cpPp.
One can show that by symmetry, the ground state MO will be

p(r) = 1og(r) = N(Pa(r) + ¢p(r)),

where N is just the normalization constant of the MO. This is a
orbital due to rotational invariance around the molecular axis, and
it is even (“gerade”) when inverted around the center of mass.

There is one single unoccupied/virtual MO with the minimal
basis, an antibonding orbital

¥ (r) = 10y, (r) = M(¢pa(r) — ¢5(r)),

where the asterisk reminds us about the antibonding nature of the
MO. Again a ¢ orbital, but it is odd (“ungerade”) and has a node —
hence higher energy.

At infinite separation, ¢4 and ¢p do not overlap, and N ~ 1/ V2,
leading to the probability 1/2 of finding an electron at A and B,
respectively. The MO is delocalized.
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Having dealt with RHE, let us look at UHF. Here, we have two
MOs, one for the « electron and one for the 8 electron:

|Punr) = [P PF).
Here,
P (r) = cupalr) + cgpp(r),
PP (x) = chpa(r) + chon(r).
Near equilibrium, we recall that UHF became identical to RHF, but

that as we stretch the bond a transition occurs where the symmetry is
broken. In particular, at large separations we obtain

Pr(r) = pa(r),
YP(r) = ¢pp(x).

Here, we see that the electrons are correctly localized on A and B.
However, the wavefunction is no longer a singlet wavefunction, total spin
is no longer a good quantum number.

If we turn to a FCI wavefunction starting from the RHF refer-
ence, one can show that it will be:

[¥) = cgg |1og1og) + cuu |10y 107;) - (153)

Note that the last Slater determinant is a doubly excited determi-
nant, where i = 1, the ground state MO, is promoted to i = 2, the
excited antibonding MO. The singly excited determinants will not
contribute due to symmetry, but are in theory present in the FCI

wavefunction.
At infinite separation, we have that
10, = =(9a+95), 10 = —=(¢a— )
$= A AT éB), N A~ ¢B)-

Inserting the expressions for 1oy and 10y, in terms of the atomic
orbitals, we obtain:

1 1

[1010) = |70+ 95), (@4 +0)
1 _ _ _ _
= 5 (Iada) + [9ads) + [95Pa) + |95s))
107T07) = | 7= (6= 9u), ~75(Fa ~ )

(Ipada) — |9adp) — |¢BPa) + |95P5)) -

N =

Inserting into the FCI wavefunction, we get

1) = 2 (cgs + cun) (194F2) +195F5)) + 5 (€ — cun) (9aF5) + 1955)).

The first two terms describe electrons either both at A or both at
B, i.e., they are delocalized, whereas the final two terms describe
electrons distributed one each on each atom. Therefore, we con-
clude that cgg + ¢y — 0 in the dissociation limit. Thus,

¥) = cgg (Ipada) + |¢BPE))
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where cge = 1/ /2 for normalization. In terms of the bonding and
antibonding orbitals,

¥ = \16 10, Tog) — \16 107707
which is a proper spin singlet wavefunction describing one electron
on atom A and one on atom B, in a superposition consistent with
indistinguishability and spin symmetry.

This final state is qualitatively correct: it represents two localized
electrons on separate atoms, preserving spin symmetry (unlike
UHEF), and excluding unphysical charge delocalization (unlike
RHEF).

Thus, we conclude that a qualitatively correct dissociation limit
for Hp requires a linear combination of at least two Slater determi-
nants — the bonding and antibonding configurations — as found
in FCI. Neither RHF nor UHF alone provides a physically accurate
and symmetry-consistent description at large bond distances. RHF
fails by enforcing delocalization, and UHF fails by breaking spin
symmetry. Only a linear combination of slater determinants (here
FCI in the minimal basis) simultaneously describes localization and
spin symmetry.

The previous example is an example of symmetry-driven static cor-
relation.: In order to have correct symmetry (here, a proper spin
eigenfunction), we must have several Slater determinants contribut-
ing substantially to the total wavefunction.

In situations where HF is not a sufficiently good approximation, the
natural generalization is a multiconfiguratopional approach, which
is defined as follows: Consider a set of K (unknown) spin-orbitals
Xp, where 1 < p < K. These can form ( Ilfj) Slater determinants @y,
which we can combine to a wavefunction as

[¥mcscr) = Y cr|®r), (15.4)
T

where the sum runs over all the Slater determinants. Each MO is
written as

Xp(r) = chp(i’y(r)r (15.5)
i

with an unknown MO coefficient matrix C.

This wavefunction can now be optimized to yield the lowest pos-
sible energy: both the coefficients c; and the spin-orbital coefficients
Cyp are parameters that can be tuned to yield the best possible re-
sult. Since for a given MO set, the optimal CI coefficients are the
lowest-energy eigenvector components of the CI matrix,

Y Hjpcp = Encscrcr,
I/
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where the sum runs over all determinants in the MCSCF wavefunc-

tion. On the other hand, the MO coefficients are found by solving
an equation that is a generalized mean-field-type equation. In par-
ticular it is nonlinear.

The difference with Hartree-Fock is now that there are more
than one Slater determinant. The difference with a CI expansion is
that now the MOs are optimized in tandem.

This multiconfigurational self-consisten field approach is very pow-
erful, but in general it requires expertise to apply.

In the next section we discuss the most widely-used variety:
complete-active space self-consistent field (CASSCEF).

Consider a set of MOs ¢;,(r). We divide these into 3 classes:

e Inactive/frozen core orbitals ¢;(r): always doubly occupied in
Slater determinants

* Active orbitals ¢, (r): Occupied or unoccupied in Slater determi-
nants

e Virtual orbitals 1, (r): Never occupied in Slater determinants

If we have in total N electrons and Nore core orbitals, there are

n = N — 2Ncore electrons to distribute in the active orbitals, the

number of which is Ngtive- The result is denoted CAS(71, Nactive )-
The MO coefficient matrix is now block structured:

C = [Ccore ‘ Cactive ‘ Cvirtual]‘

The matrix C is square: there are as many MOs as there are AOs,
just as in Hartree-Fock.

A CAS is illustrated in Figure 15.1 in the margin.

For a given molecule, choosing a CAS is not always an easy
task. The CAS must be large enough to resolve static correlation,
and small enough to be wieldy. Note that inside the CAS, a full CI
expansion is performed. Therefore, CASSCF has exponential scaling
with respect to number of orbitals/electrons, and is in principle equally
costly as is FCI as the numbers of electrons and active orbitals
grow! For example, CAS(6,6), which is needed for the breaking
of the triple bond of N, contains 400 determinants. In Figure 15.2,
the dimensions of CAS(2k,2k) is listed. Even 24 electrons is almost
completely intractable without further approximations!

Example: Breaking the N, triple bond

The nitrogen dimer is a standard poster child for static correlation
in molecules, as breaking the triple bond introduces many nearly
degenerate Hartree—Fock orbitals. Near degeneracy of the highest
occupied MO (HOMO) is a strong indication of static correlation.

_*_+_

> Virtual

ab,c,...

> Active

u,v,w,...

> Inactive

ijk,...

Figure 15.1: A complete-active

space CAS(4,4), of 4 electrons

in 4 active orbitals. Addition-

ally, there are 8 frozen elec-

trons in 4 inactive orbitals.

2k #SD’s
2 4
4 36
6 400
8 4,900
10 63,504
12 853,776
14 11,778,896
16 165,636,896
18 2,363,904,260

20 34,134,777,856
24 7,312,459,672,336

Figure 15.2: Number of Slater

determinants for 2k electrons

in 2k spatial orbitals.
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In Figure 15.3 you can see the standard MO diagram of the nitro-
gen dimer at equilibrium. As the interatomic distance is increased,
the MOs become closer in energy, until at infinite separation where
we end up with 6 degenerate MOs with 6 electrons. This indicates
that a CAS(6,6) is suitable, putting the 8 electrons below that into
inactive orbitals.

In the cc-pVDZ basis set for the N atom, there are 16 functions:

2 1s functions, 2 2s, 6 2p functions, and 6 3d functions. In total,
therefore, there are 32 AOs for the N, molecule. Therefore, we can
say that for the CAS(6,6) case of the nitrogen dimer we have:

® 4 inactive orbitals (always doubly occupied), i =1,...,4

ety

e 6 active orbitals with 6 electrons. u = 5,...,10.

e 2> virtual orbitals with no electrons. a = 11,...,32.

While CASSCF seems to be costly, note that one does not try to re-

solve dynamical correlation with CASSCEF, only static correlation. Figure 15.3: The MO diagram
Thus, in “post-MCSCF approaches” one tries to build dynamical of Na. The 1s orbitals, forming
correlation on top of a CAS wavefunction. Such methods are called bonding and antibonding 1y
multireference methods since they do not only have one single refer- and 1oy, orbitals are not shown.

ence determinant, but many.

One example of such a method is multireference configuration-
interaction (MRCI). Here, a wavefunction on the following form is
sought:

[¥mrer) = Y, di|®n) + ) dy|@)) (15.6)
1eCAS Jeext

Let us explain what this all means: I € CAS means that we sum
over the determinants that are in the CAS, simply according to the
rules described above. Thus, the d; should be close to the c¢; from
CASSCE, but not equal! We are after all seeking a correction on top
of CASSCFE.

The remaining terms | € ext, for “external space”, sums over a
selection of determinants that violate the rules of CAS. There are two
ways to accomplish this:

¢ One or more electrons are moved from core orbitals i, ], k.. ..
¢ One or more electrons are moved to virtual orbitals a,b,c, . . ..

In short, | € ext means that we have at least one external label, where
a label is external if it is either inactive/core or virtual.

In FCI, ] € ext takes on all possible values so that absolutely all
Slater determinants are found. However, truncated MRCI yields
vastly fewer determinants. It is typical to truncate at MRCISD,
where at most 2 external labels are found in |, as well as the “first-
order interaction space” (FOIS), consisting of all those determinants
that are coupled to the CASSCF reference via the two-electron
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interaction. The FOIS determinants are needed to obtain results that
are correct up to second order in perturbation theory (more on this
later).

In MRCI we do excitations from the CAS wavefunction into ex-
cited determinants: In MRCISD we do up to singly and doubly
excited detereminants. Note carefully, that we are exciting from the
CAS reference wavefunction, and not individual CAS determinants.

In standard single-refrence CI, we obtain a matrix diagonaliza-
tion problem, and the same is true for MRCIL. The MRCISD matrix
has the following form:

Hcas V
H= (15.7)
vt Hgp

Here, Hcags is the Hamiltonian matrix with respect to the CAS
determinants only.
Heps, i = (@1l H|®p) -

It is a fact that the CASSCF wavefunction is an eigenvector of this
matrix block:

Y Hcas ey = Ecasscrcr (15.8)
I'eCAS
The matrix V with elements Vy;, where I € CAS and | € ext, are
defined by
(Dr[H|Dy).
Importantly, only those | that satisfy
(¥cassce|H|®)) #0 (15.9)

are included. This reduces the size of the matrix needed to compute
without introducing any additional approximations. This defines

the SD excitation determinant set. Initially one might think that all
excitations would couple to ¥cas, but for example symmetries may
reduce the set of | that couple quite a bit.

The matrix Hgp is the matrix of the Hamiltonian H between
determinants ], J’ that are singly or doubly excited from a CAS
determinant, and |, ]’ must satisfy Eq. (15.9).

MRCISD always contains the first-order interaction space, by
construction.

Example: MRCI for Hy

Example: MIRCI for N

We return to the cc-pVDZ example from above. We assume that a
CAS(6,6)SCF calculation has been done, leading to a pretty good
CAS wavefunction. This wavefunction does not describe dynam-
ical correlation; it only resolves the static correlation due to near-
degeneracies of the Hartree-Fock MOs.
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